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Abstract. In this paper, we study the entropy of a Hamiltonian flow 
f^*) . in restriction to an enregy level where it admits a first integral which is 

£Nj ' nondegenerate in the Bott sense. It is easy to see that for such a flow, the 

topological entropy vanishes. We focus on the polynomial and the weak 
polynomial entropies h po i and h po i*. We prove that, under conditions 
on the critical level of the Bott first integral and dynamical conditions 
on the hamiltonian function H, h* ol 6 {0, 1} and h po i g {0, 1, 2}. 
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1. Introduction 

A Hamiltonian function H on a symplectic manifold M of dimension 2£ 
is integrable in the Liouville sense when there exists a smooth map F = 
(fi)\<i<t from M to M , which is a submersion on an open dense domain O 
and whose components /j are first integrals in involution of the Hamiltonian 
vector field X H . The fundamental example is that of systems in "action- 
angle" form on the annulus A f = T f x 1*, that is Hamiltonian systems of 
the form H(9,r) = h(r). The structure of these systems is well known: M 
is foliated by Lagrangian tori x {ro} on which the flow is linear with 
frequency w(ro) := dh{ro). 

In the general case, the domain O is a countable union of the "action-angle 
domain" where the system is symplectically conjugate to a system in action- 
angle form. It is well-know that the topological entropy of system in action- 
angle form vanishes, so the entropy of an integrable system is "localized" on 
the singular set of the map F. 

It has been proved by Paternain ([Pat91j) that if M is of dimension 4 
and if the Hamiltonian vector fields possesses a first integral / (independent 
with H) such that, on a regular level $ of H, the critical points of / forms 
submanifold, then the topological entropy of (f>n in restriction to $ vanishes. 
This include the cases when / is a nondegenerate in the Bott sense (see 
section 2). 

It turns out that when the topological entropy vanishes the complexity of 
dynamical system can be described by two non equivalent conjugacy invari- 
ants -the strong polynomial entropy h po i and the weak polynomial entropy 
h* ol - which depict the polynomial growth rates of the number Gf{e) (see 
section 3) and which satisfy h* o] < h po i. 

In this paper, we compute the polynomial entropies for Hamiltonian sys- 
tems that are nondegenerate in the Bott sense with an additionnal dynamical 
condition of coherence (see section 2). In particular, we prove that, for these 
systems, both h po i and h* ol take only integer values. In section 4, we prove 
that h* ol (0) G {0, 1} and in Section 5, we prove that h po i(0) £ {0, 1, 2}. 

2. Dynamically coherent systems 

2.1. Definition and description. Consider a symplectic manifold (M, oj) 
with dimension 4 and a smooth Hamiltonian function H : M — > K, with its 
associated vector field X H and its associated Hamiltonian flow We fix a 
(connected component of ) a compact nondegenerate energy level £ of H. It 
is a compact connected submanifold of dimension 3. In what follows, we will 
often consider the restrictions of the vector field and the flow to $ . They 
are still denoted by X H and {<Ph)- Since § is compact, (pu is complete. 

A first integral F : M — > M. of the vector field X H is said to be non- 
degenerate in the Bott sense on $ if the critical points of / := F\g form 
nondegenerate sstrict submanifolds of S, that is the Hessian d 2 f of / is 
non-degenerate on normal subspaces to these submanifolds. 

In the following we call nondegenerate Bott system a triple (£,(j)H,f) 
where $ is a regular level energy of a Hamiltonian H on M, and / := F^ 
ther restriction to $ of a first integral F of H nondegenerate in the Bott 



POLYNOMIAL ENTROPIES FOR BOTT SYSTEMS 



3 



sense on S '. One proves that the critical submanifolds may only be circles, 
Lagrangian tori or Klein bottle (see [Mar93j, |Fom88j). 

The critical circles for / are periodic orbits of the flow (pn- Their index is 
the number of negative eigenvalues of the restriction of d 2 f to a supplemen- 
tary plane to M.X H . 

Consider a critical circle ^ for / such that f(&) = c. Let us summarize 
the two possibilities that occur (see [Mar09j for more details). If ^ has index 
or 2, there exists a neighborhood U of ^ such that / —1 {c} fl U = and 
such that the levels / _1 {c'} for d close to c are tori whose intersection with a 
normal plane £ to ^ are "circles with common center £ n c €". If ^ has index 
1, there exists a neighborhood U of such that / {c} Pi U is a stratified 
submanifold homeomorphic to a "fiber bundle" with basis a circle and with 
fiber a "cross". The whole connected component 3? of / _1 {c} containing ^ 
is a finite union of critical circles and cylinders Txl whose boundary is 
either made of one or two critical circles. All the critical circles contained in 
9* are homotopic and have index 1. Such a stratified submanifold is called 
a polycycle. Fomenko assumes in |Fom88| that a polycycle contains only 
one critical circle, then we say that 9 s is a OO-level. A OO-level may be 
orientable or nonorientable. 

Let us introduce the following terminology. 

Definition 2.1. Let (<p, </>h, /) be a nondegenerate Bott system. The system 
(S',(j)H,f) is said dynamically coherent if the critical circles ^ are either 
elliptic periodic orbits or hyperbolic periodic orbits. 

Remark 2.1. If (<f, /) is dynamically coherent, the elliptic orbit are the 
circles with index or 2 and the hyperbolic orbits are the circles with index 
1. The leaves T x 1 of the OO-level that contains a hyperbolic orbit are the 
invariant submanifolds of this orbit. 

2.2. The dynamics in the neighborhood of singularities. We recall 
that a Hamiltonian system on the annulus T n x 1" (with the canonical 
symplectic form d8 A dr) is in action-angle form if the Hamiltonian function 
H only depends on the action variable r. Therefore the Hamiltonian flow 
has the following form: 

M0,r) = (6 + tu;(r) [Z"],r), 

where u) : r t— >■ V/i(r). 

Fix a regular value a E R 2 of the moment map F := (H, f) : M — > M. 2 , and 
consider a compact connected component T of F~ 1 ({a}). The submanifold 
T is a torus and there exists a neighborhood A of T in M such that F is a 
trivial fibration over A. Then the Arnol'd-Liouville theorem shows that there 
exists a symplectic diffeomorphism \& : — > T 2 x O, q \— > (ai, a-i, Ii, I2) 
such that I\ , I2 only depends on the value of F, so the Hamiltonian system 
associated with H o^ -1 is in action-angle form. As a consequence \I/o<^ = 
■0*o$ where (tp t ) is the Hamiltonian flow on T 2 x O associated with Hoty -1 . 
Such a domain A is called a action-angle domain. 

1. Critical tori and Klein bottles. We show that the dynamics in the 
neighborhood of a critical torus is the same as the dynamics in the regular set 
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of /. Moreover, up to a 2-sheeted covering, the dynamics in the neighborhood 
of a Klein bottle is the same as the one in a critical torus. 

Proposition 2.1. Let (£',(pH,f) be a nondegenerate Bott system. Let T C 
<§ be a critical torus of f . There exists a neighborhood A of T in M that is 
a action-angle domain. 

Proof. We first show hat there exists a neighborhood U of T such that the 
foliation induced by F is made by homotopic tori. Then we see that the 
construction of the action-angle variables can be done as in the usual case 
by taking a family of bases of the homology of each torus that depends 
smoothly on the tori (see Annex A, or |Dui80j, or [AudOlJ). 

• We begin by studying the foliation induced by / on $ . We endow M 
with a Riemannian metric g and we denote by || • || the norm associated 
with g. We can assume without loss of generality that f(T) = and that 
/ has index on T (that is, the Hessian of / in restriction to a transverse 
line to T is positive definite). Therefore, by the Morse-Bott theorem (see 
([BH04]) for a recent proof), for any q G T, there exist a neighborhood U q 
of g in <f, a neighborhood O q x I q of (0, 0) Gl 2 xK and diffeomorphism 
<f> q : U q -> O q x (<p,£) such that / o £) = £ 2 . 

Now, for q G T, one has the decomposition T q S = T q T '©MA ', where N is 
the unit normal vector to T ■ Consider the vector bundle F over T with fiber 
F q := N(q). Since T is orientable, F is trivial. Using the tubular neighbor- 
hood theorem, there exist a neighborhood / of in R and a diffeomorphism 
V :U ^T 2 x I,q^ (0,x), that satisfies #(T) := {(0,0) I 6 6 j2 }- 

Fix q G T ■ We can assume that U q C U. The map 

P := * o : O q x I q T 2 x I, (<p, ^ (flfo 0, sfo 0) 

is a diffeomorphism on its image. Let q' = ((f,Q) G U q fl 7". The curve 
£ i—T- (0(<£>, £), a;(</2, £)) is transverse to T at the point (/. So §|(y, 0) ^ 
for all (ip, 0) G U q n 7". Assume that || > on [/, n T. Then for c > 
small enough, / _1 ({c}) fl C/q has two connected components C + and C~ 
with C + C {x > 0} and C _ C {x < 0}. Both are graphs over J7 g H T ■ Now 
/ ({ c }) H {x > 0} = / _1 ({c}) n {x > 0} is closed. But its complementary 
/ ({ c }) H {x < 0} is also closed so / _1 ({c}) is not connected. Therefore 
/ ({ C D ^ ^ nas ^ wo connected components which are both graphs over T. 
So U is foliated by homotopic tori that invariant under the Hamiltonian flow. 
Fix Co > and let us introduce the following domains: 

D o-= U ir\c)nun{x>o}}, D -.= \J {r^nunixKO}}. 

0<c<c 0<c<c 

The foliation induced by / on each on these domain is trivial. 

• We will now see that this property holds true for an energy level $ ' close 
to S '. Since $ is a regular level of H there exists a neighborood U of $ such 
that the Riemannian gradient VH does not vanish on U. We can assume 
without loss of generality that H{S') = 0. 

Consider the vector field X := rr^rp on U and denote by ((fit) its as- 
sociated flow. Since X is C , for t small enough, (fit is a diffeomorphism. 
Moreover, since X.H = 1, </> t (<f) C H^it). 
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Consider now an open neighborhood V of 7~ in S '. We define a one- 
parameter family of vector fields in V in the following way 

Y t := #V(/). 

Then Yt depends in C 1 way of t, and we observe that 7~ is a normally 
hyperbolic manifold for Yq = V(/). Therefore one can apply the Hirsch- 
Pugh-Shub theorem of persistence of normally hyperbolic manifold |H PS77| : 
for t close enough to 0, Yt admits a normally hyperbolic torus Tt which is 
C 1 close to T- We set % = <f>t(Tt). Since <pt is a diffeomorphism, % is a 
critical torus of F contained in H ({i}) and the Hessian d 2 (F\ ) of the 
restriction of F to 7t has the same type than the Hessian of the restriction 
of / to T ■ The first argument holds true and one gets two domains Df and 
as before. 

• Consider the two domains D + := \J t D^ and D + := [j t D^. One can 
construct action variables in each of these two domains using the Arnol'd 
method "by quadrature" (see Annex A. 2). One immediately checks that the 
action variables can be glued continuously along the union |L % (with the 
convention To = T). Therefore, the angle variables may be constructed by 
considering any Lagrangian section of the moment map (H, F) as in Annex 
1 step 5. □ 

Remark 2.2. If 1C is a critical Klein bottle, one proves that there exists a 
neighborhood U of K, in M that admits a natural two-sheeted covering U, 
such that the symplectic form $7, and the functions H and F can be lifted 
to U (|Zun96j). Therefore, the study of the dynamics near a Klein bottle 
boils down to the study near a critical torus. Indeed, if we denote by (jr H the 
lifted flow and by tt : U — > U the canonical projection, ^ H o tt = tt o (fy. 

2. Elliptic orbits. Consider a critical circle C of / (contained in $), that 
is, an elliptic periodic orbit. The following proposition stated in [BBM10| 
(and references there in) shows there exist action-angle coordinates in the 
neighborhood of C. 

Proposition 2.2. There exists a neighborhood U of C (in M), such that 
there exists canonical coordinates (ip,I,q,p) with {(p,I} = {q,p} = 1 such 
that 

- H and f only depend on I and p 2 + q 2 

- (ip + 2n,I,p,q) = (ip,I,p,q) 

- C is defined by I = and (p, q) = (0, 0). 
Moreover if J := \{p 2 + q 2 ) one has 



dH , 

— det 



/dH 


dH 


I 


¥ 






\8I 


dJ 



^0. 



Remark 2.3. The open domain U \ C is a action-angle domain stf ' . 

Corollary 2.1. There exists a neighborhood O o/(0, 0) G M 2 and a projection 
tt : T 2 x O — > U, (<p, if), I, J) i — y (</?, I, y/2J cos ip, y/2J sinip) such that the 
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following diagram commutes 

T 2 xO -JL. T 2 xO 



u ^U. 

<& 

where (fa) is the flow associated to the vector field 

BT-f f)M 

(i) i = J = o, v = —(i,J), Tp = —(i,j). 

3. OO-levels and simple polycyles. As in the case of the Klein bottles, 
we observe that it suffices to study orientable OO-levels. Indeed, one proves 
that, if 9* is a nonorientable OO-level, there exists a neighborhood U of 9 s in 
M that admits a natural two-sheeted covering U, such that the symplectic 
form fi, and the functions H and F can be lifted to U (see [BBMlOj . or 
|Zun96| ). Therefore, if we denote by fa H the lifted flow and by tt : U — > U 
the canonical projection, $ H o tt = tt o 0^. 

Consider an orientable OO-level ^ and denote by C the hyperbolic orbit 
contained in The following proposition is stated in [BBMlOj (see also 
references therein). 

Proposition 2.3. In a neighborhood U of C (in M) there exist canonical 
coordinates ({p,I,q,p) with {cp, 1} = {q,p} = 1 such that 

- H and F only depend on I and qp, 

- (ip + 2tt, I, p,q) = (ip,I,p,q), 

- C is defined by I = and (p, q) = (0, 0). 
Moreover, if J = qp, one has 



dH , dH . 



/dH 


dH\ 


af 


~dJ 


OF 


dF 


\~cW 


~dl ) 



^0. 



Set Oi : (H,F)(U) C M 2 and 2 := (I,J)(U) C K 2 . Shrinking U if 
necessary, the map (H, F) : O2 — > 0\ is a diffeomorphim. We denote by 
(J, J) : O2 — > 0\ its inverse. 

Let V be a neighborhood of 9 s in M that contains £7 and set 

V = Vf}H- 1 (H(U))f}F-\F(U)). 
We define two global coordinates J^, ^ in "¥ by setting 

J^) = F(z)), ^(z) = J(H(z), F(z)). 

Let us now pass to the definition of simple polycycles. Recall that a 
poly cycle is a connected union of hyperbolic orbits {Ci, . . . ,C q } and their 
invariant manifolds. For any we denote by Uk the neighborhhood of C k 
given by the previous proposition and by ((Pk,Ik>Qk>Pk) the corresponding 
coordinates. We set J k = p k q k . 

Corollary 2.2. Fix e G H(U k ) and set ^ e := U k n i7 _1 ({e}). 
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(1) the coordinates ((fk,qk,Pk) form a local chart of %k,e> 

(2) the compact set Ck : e '■= {(^fc)0,0) | ip k £ T} is a hyperbolic orbit. 

Proof. We denote by D the open domain in IR 3 given by the coordinates 
(h, Qk,Pk) and by D its image in M 2 by the map (h,qk,Pk) = (h, QkPk)- Let 
vrj : (h,qkPk) ^ {QkPk)- 

(1) By the implicit function theorem, there exists a function J 2 ^ : ttj(D) x 
H(U k ) ->■ R such that 

H(I k , J k ) = e <^=> I k = J^ k (Jk, e), 

so ((fk,Ik,Qk,Pk) G ^k,e if and only if I k = J^kiPkQk,^). 

(2) The vector field X H restricted to ^k,e reads: 

9H. T , 9H /Ar . 

<Pk = T7r(ik,Jk) = ■wr{<y{qkPk),qkPk) 

dlk di k 
dH dJk , T . dH 

^ = -^rih, Jk)^—{Jk) = -Pk-^-{^{qkPk), qkPk) 

oJk oqk oJk 

dH , dJk , T s dH , ^ . . . 

qk = ^t(4, Jk)-z—\Jk) = qk^-r{^{qkPk), qkPk), 

OJk Opk OJk 

Obviously the compact set 0, 0) | ^ € T} is a hyperbolic orbit. □ 

We say that the polycycle & is continuable if there exists 5q > such 
that for all e G ]eo — <5o, eo + ^o[C f~1i<fc<^ H(Uk), the hyperbolic orbits C^.e: 
1 < k < q lie in the same polycycle £P e , which is diffeomorphic to & . The 
one-parameter family & e is a (differentiable) deformation of & and we set 

9= (J ^ e C^- 1 (]eo-5o,e + <5oD- 

eeJ(5 ) 

Observe that an OO-level is continuable. Let us introduce the following 
definition. 

Definition 2.2. We call simple polycycle a continuable polycycle that sat- 
isfies the following properties: 

(1) there exist an open subset O in M 2 , a neighborhood U of saturated 
for F, and a diffeomorphism 

f :Tx Ox]e - <5 , e + 5 [^ U 

such that 

(a) the submanifold V = ^ _1 ({0}xOx]eo— do, eo+5o[) is transverse 
to F, 

(b) #(T x O x {e}) C H- l (e), Ve G ]e - 5 , e + <5 [, 

(c) F(38(<p, x, e)) = F{3S{tff, x, e)), V(<p, x, e) G T 2 x Ox]e - 
^o,e + <5 [, 

(2) there exist two functions and ^ in ?7, such that one can find 
coordinates (<pk, Ik,qk,Pk) m a neighborhood £/& of each such that 

and ^ coincide with I k and 

Obviously, an orientable OO-level is a simple polycycle. We emphasize the 
following property of simple polycycles. 
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Property 2.1. Let T ke be the period of the hyperbolic orbit C k ^ e . Then 
T k ^ e only depends on e, that is, all the hyperbolic orbits that lie in the same 
polycycle & e have the same period. 

Proof. Fix k and consider the symplectic cylinder 

^k '■= Ck,e- 
eeH(U k ) 

We first observe that the restriction of H to ^ k depends only on I k . We set 
H-WkiPk: Ik) = hk(Ik) an d the vector field X reads 

<Pk = h' k (Ik), 4 = 0. 

Therefore, since hk is a diffeomorphism, T k;£ '■= h' k (^k(0, e))" 1 . Let \k '■ = 
h k l . Then T Ke := X ' k (e). Now if k! ^ k,' Xk r(e) = 4/(0, e) = S(0,e) = 
4(0, e) = Xfc( e )> that is, Xfc does not depend on k. We denote it by x- Then, 
for any 1 < k < p, T k:£ = x'(e). □ 

4. Maximal action-angle domains. We denote by TZ(f) the set of regular 
values of / and by Crit(/) the set of its critical values. If c G Crit(/), we 
denote by S% c the union of the connected components of / _1 ({c}) that does 
not contain any critical point. We define the regular set of / as 

<%:=r\{K})u[ |J St\. 

\ceCrit(/) / 

We denote by ^ the set of all critical tori of / and we introduce the domain 
ffl := Mu2? c . By Arnol'd-Liouville theorem and proposition [2Tj one sees that 
a connected component of is the connected component of an intersection 
A := A n S , where A is a action-angle domain. Such a domain A satisfies 
the following properties: 

- there exist a,b £ Crit(/) with a < b and A = / _1 (]a, b[), 

- for all x G ]a, 6[, f~ 1 (x) n is diffeomorphic to T 2 , 

- there is a critical point of / in each connected component of 9.4. 
Therefore A is diffeomorphic to T 2 x]0, 1[. We say that A is a maximal 
action-angle domain of {$, 4>h, /)• The connected component of dA can be 
either an elliptic orbit, a Klein bottle or containded in a OO-level. 

3. Polynomial entropies 

In this section, we briefly define the polynomial entropies. For a more 
complete introduction see |Mar09j. 

3.1. Definitions of the strong and weak polynomial entropies. Given 
a compact metric space (X,d) and a map / : X — > X, for each n < 1, one 
can define the dynamical metric 

(2) dl(x,y)= max d(f k (x), f k (y)). 

0<k<t—l 

All these metrics d k are equivalent and define the initial topology on A". In 
particular, (X,dj,) is compact. So for any e > 0, X can be covered by a 
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finite number of balls of radius e for d k . Let G k (e) be the minimal number 
of balls of such a covering. 

Definition 3.1. The strong polynomial entropy h po i of / is defined as 

LogG£(e) 



r i /■ 1 

hpoi(/) = supinf < a > 0| limsup —G r n (e) > = suplimsup • 

e t n J e^O n— 5>oo 



Logn 



In order to introduce the weak polynomial entropy, let us set out some 
notations. For e > consider the set 

m{ := {Bl(x,e) \(x,n)eX x N}, 

of all open balls of radius e for all the distances dn- We denote by (e) the 
set of the coverings of X by balls of and by ^i. N (e) the subset of ^(e) 
formed by the coverings (B^ (x{, e))iei such that nj > N. Given an element 
C = (Bn^Xi, e))i£i in & '(e) and a non negative real parameter s, we set 

iei Ui 

Note that since a ball may admit several representatives of the form Br H (x{,e), 
M(C,s) depends on the family C and not only of its image. Let iV G N*. 
The compactness of X allows us to define 

A f {e,s,N) = Inf {M(C, s) \C G ^l N {e)} G [0,oo]. 

Obviously A$ (e, s, N) < A? (e, s, N') when N' < N, so one can define 

A f (e, s) = lim A f (e,s,N)= sup A f (e,s,N). 

The definition of the weak polynomial entropy is based on the following 
lemma. 

Lemma 3.1. There exists a unique critical value s[(e) such that 

A^(e,s) = if s > s{.(e) and A^(e, s) = oo if s < s[(e). 
Since s[(e) < s c (e') when e' < e, one states the following definition. 
Definition 3.2. The weak polynomial entropy h po i* of / is defined as 
h po i*(/) := lims^(e) = sups f c (e) G [0,oo]. 

£>0 

The relation between the polynomial entropy and the weak polynomial 
entropy can be made more precise. Denote by ^L^ie) the subset of ^(e) 
of all coverings of the form (B^ (xj,e))j g / with nj = N. We set 

T f {e,s,N) = Inf {M(C,s) \ C etfl N (e)} G [0,oo]. 

If Tf(e,s) = limsu P r- f (e,s,iV), one has r^(e, s) — limsup -^G^-(e). 

As before, one checks that there exists a critical value s£(e) such that 

T f (e, s) = ifs > s{(e) and T f (e,s) = oo if s < s£(e). 
Therefore h po i(/) = lim s[(e) = sup £>0 s[(e). 
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Remark 3.1. The inclusion ( ioL N (e) C ^^(e) yields h po i*(/) < h po i(/). 

Like the topological entropy, the polynomial entropies h po i and h po i* are 
-conjugacy invariant and do not depend on the choice of topologically 

invariant metrics on X. Before giving some properties of the polynomial 

entropies, let us emphasize the following important fact. 

Remark 3.2. When h top (/) > 0, the polynomial entropies are both infinite. 

3.2. Properties of the polynomial entropies. We now give without 
proof some basic properties of the polynomial entropies. 

Property 3.1. Here the symbol h stands indifferently for h po i or h po i*. 

(1) If A C X is invariant under f , h(f\ A ) < h(f). 

(2) // (Y, d') is another compact metric space and if g : Y — > X is a 
continuous factor of f , that is, if there exists a continuous surjective 
map £ : X ->• X' such that £ o / = g o £, h(g) < h(f). 

(3) If g is a continous map of another compact metric space (Y,df), and 
if X xY is endowed with the product metric, then 

h(fxg) = h(f) + h(g). 

(4) h(f m ) = h(f) for all m G N. 

(5) If A = Uf =1 Ai where A-i is invariant under f , h(f\ A ) = Max (h(f\ A )). 

i 1 

The weak polynomial entropy satisfies moreover the following property of 
<7-union. 

Proposition 3.1. The a -union property for h. vo * . If F = (J^Fi, where 
Fi is closed and invariant under f, then 

Vi*(/|f) = su P( h pol*(/|F .))• 

iGN 

3.2.1. Polynomial entropies for flows. Let us now state briefly the definition 
of the polynomial entropies for flows. 

For each t > 1, we denote by ^> t (e) the set of coverings of X of the form 
C = (B Ti (xi,e))i£i with T{ > t. For such a covering C, we set M(C,s) = 
^2iel f° r s — 0- Finally we introduce the quantity 

6+(e,s,t) = Inf{M(C,s)| € ^ t (e)} 

which is monotone nondecreasing with t. We set A^(e, s) = lim^oo 5^(e, s, t). 
As in the discrete case, one sees that there exists a unique sf(e) such that 
A*(e,a) = if s > st(e) and A*(e,s) = +oo if s < st(e). The weak 
polynomial entropy for the continuous system (p is defined as 

h pol *(cP) = limst(e) = supst(e). 

e>0 

It turns out that h po i*(0) = h po i*(0i). 

We denote by Gf(e) the minimal number of df '-balls of radius e in a 
covering of X, and we set 

K ol ((f>) = suplimsup L °f = Inf {a > 01 lim —Gf(e) = ol . 

£ >0 t^oo Logt [ Hoof J 
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As before, one has h po i(0) = h po i(<^i). 

3.3. Polynomial entropies and Hamiltonian systems. The polynomial 
entropies are particulary relevant for the study of Hamiltonian systems. The 
first remarkable fact is that for Hamiltonian systems in action-angle form 
the weak and the strong polynomial entropies do coincide as seen in the 
following proposition. 

Proposition 3.2. Let H : (a, I) i->- h(I) be a C 2 Hamiltonian function on 
T*T n . Let S be a compact submanifold ofR n , possibly with boundary. Then 
the compact T n x S is invariant under the flow <f> and one has 

h P oi(0| T „ x5 ) = hp i*(</>| T „ x5 ) = max rank w(J), 
where oj : S -)• M. n , L i-> dj(h\ s ). 

Remark 3.3. If h is strictly convex and if S is a compact energy level S = 
h- l ({e}), one gets h pol (0| T „ x5 ) = h po i*(</>| T „ xS ) = n - 1. 

Proof. Recall that given a compact metric space (X, d) , the ball dimension 
D (X) is by definition 

D(X) :=limsup , T S \> 

e^O I Log £ | 

where c(e) is the minimal cardinality of a covering of X by e-balls. We 
will use the fact that the ball dimension of a compact manifold is equal to 
its usual dimension and that the ball dimension of the image of a compact 
manifold by C 1 map of rank t is < I. 

We endow R n with the product metric defined by the max norm || || and 
the submaniflod S with the induced metric. We endow the torus T ra with 
the quotient metric. As the pairs of points (a, a') of T n x T n we will have to 
consider are close enough to one another, we still denote by \\a — a'\\ their 
distance. Finally we endow the product T n x S with the product metric of 
the previous ones. 

Assume that rankw = t and denote by ft the image oj(S). Let us denote 
by simply by <p the flow tp := 4>\ jnxS . 

We will first prove that h. po \((p) < t. Let e > 0. Remark that, for N > 1, 
if two points (a, I) and (a', I') of T n x S satisfy 

(3) \\a-a'\\< £ -, M I) - u; { I>)\\ < ||/-/'||< e 

then dff[(a, I), (a',I')) < e. Let us introduce the following coverings : 

• a minimal covering Cjn of T n by balls of radius e/2, so its cardinality 
i* depends only on e; 

• a minimal covering {Bj)\<j<j* of S by balls of radius e/2, so again j* 
depends only on e; 

• for N > 1, a minimal covering (Bk)i<k<k* N of the image fl by balls of 
radius e/(2N). 

The last two coverings form a covering Cs = (Bj fl w _1 (5fc))j,fc of S such 
that any two points 1,1' in the same set Bj fl u; -1 !^) satisfy the last two 
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conditions of ([3]). Hence we get a covering of T n x S whose elements are 
contained in balls of d^-radius e by considering the products of the elements 
of Cjn and C5. 

Note that, since the ball dimension of is less or equal to i, given any 
£' > £, for N large enough, k* N < (2N/e f Thus: 

G%(e)<i*f k* N <c(e)N e ' 

and Sc (e) < t! . Since £' > ^ is arbitrary h po i(</?) < ^. Now it suffices to prove 
that h po i*0) > I. For (a, J) in T n x S and e > 0, we set 

- £?(/, e) C5 the ball with respect to the induced metric of f" on S, 

- B((a, I),e) CT"x S, the ball with respect to the product metric defined 
above, 

- Bf]-((a, I),e) cT n xS the ball with respect to the metric ct^ on T n x S. 
Then if (a 1 , 1') in T" x S, (a', I') G B%((a,I),e) if and only if 

\\l'-I\\<e, \\k(co(l') - uj(I)) + (a' - a)\\ < e, Vk G {0, . . . , N - 1}. 

Writing the various vectors in component form, one gets for 1 < i < n: 

|4 - m\ < s, ^(F) g ] {ai ~ a ! ) ~ £ + 0^(1), (a ^y g + ^(I) 

Thus B^((a, I),e) has the following fibered structure over the ball F>(a,e): 
B J v((a,i),e)= |J {a'}xF a ,, 

where the fiber over the point a' is the curved polytope 

f„.=^( n ] (ai vfr (< * ' +■«(/) d (-)*('■'>■ 

l<i<n 

Fix now a covering C = (B ni ((ai, F),e))j g / of c tf>N(T n x 5), and denote 
by .Fq the fiber of a = in the ball B ni ((cei, F),e) (which may be empty). 
Then the set {0} x 5 is contained in the union of the fibers Fq. Let v the 
Lebesgue volume of this set. 

Since rank a; = I, there exists a constant c > such that the Lebesgue 
volume of the fiber Fq satisfies 

The sum of the volumes of the fibers must be larger than v, so 

2e 



> V 



Then, if s < 



c(2eY ^ \m-lJ n? _ c(2e)'2' 



and therefore 



A(T n x S, e, s) = lim 5(T n x S, e, s, iV) = +00. 

JV— >oo 

Thus s^(T n x 5, e) > £, and hence h po i*(y?) > I. □ 



POLYNOMIAL ENTROPIES FOR BOTT SYSTEMS 



13 



4. The weak polynomial entropy h* ol 
This section is devoted to the proof of the following theorem. 
Theorem 1. Let (<^, be a dynamically coherent system. Then 

h poI (<^)G{0,l}. 

Before giving the proof we recall the notion of maps with contracting 
fibered structure that has been introduced in )Mar93j. 

Definition 4.1. Let (E, cIe), (X, dx) be compact metric spaces and consider 
two continuous maps ip : E — > E and ip : X — > X. We say that (E, (p) has a 
contracting fibered structure over (X, ip) when the following conditions hold 
true. 

(i) E is metrically fibered over X : there exists a surjective continous map 
7r : E — > X, a metric space (F,dp) and a finite open covering (f7j)i<i< m of 
X such that for each i there exists an isometry (pi : 7r — 1 (t/^) — >■ U% x F (this 
latter space being equipped with the product metric). We write pi(z) = 

(7Ti(z),Wi(z)) eUiX F. 

(ii) (X, ip) is a factor of (E, ip) relative to it: ip o tt = tt o (p. 

(hi) If z, z' are two points of E such that there exists % and j in {1, . . . , n} 
such that z,z' G tt~ (Ui) and (p(z),(p(z') G tt^~ (Uj), then 

dF(wj(v 3 (2 ; )),ro i (( ) 5(2; / ))) < ^(roi^),^^')). 

A simple example of a map with contracting fibered structure is the one 
of a diffeomorphism ip of a manifold M that admits a compact invariant 
manifold iV which is normally hyperbolic: then its stable manifold W + (N) 
admits an invariant foliation by the stable manifolds of the points of N, 
and there exists a projection tt from a neighborhood E of iV in W + (N) 
to iV which associate with each point x the unique point a E N such that 
x G W + (a). It is not dihcult to see that one can choose a Riemanniann 
metric on M and the neighborhood E is such a way that E is invariant 
under <p and (E,<p) admits a contracting fibered structure over (N,cp^). 

Proposition 4.1. Let (E,dE), (X,dx) be metric spaces, and ip : E — >• E, 

ip : X —7- X be continuous maps, such that (E, <p) admits a contracting fibered 
structure over (X,ip). Then 

hpol(^) = hpol(^)- 

Proof. We already know that h po i(y) > h po i(^>) by the factor property. To 
prove the converse inequality, consider a finite open covering (Ui)i<zj of X 
adapted to the fibered structure and let £o > be the Lebesgue number of 
this covering (so each set of diameter less than Eq for dx is contained in one 
of the Ui). 

Let now N > 1 be fixed, choose e < Eq/2 and consider a ball B x C X of 
c^-radius less than e. In particular, B x has diameter less than Eq (for S), 
so B x is contained in an element Ui of the covering. Consider then a ball 
B F of radius e, in the fiber (F, dp)- As B x C Ui Q , one can define the set 

P = 4>r\B x xB F ). 
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We want to prove that P has diameter less than 2e for the distance dL. 

For z, z' in P, let x = T^i (z) and x' = 7Tj (x'), so x and x' lie in U^-. Note 
that for < k < N, ip k (B x ) has diameter less then Eq and so is contained 
in some open set Ui k of the covering. So, for < k < N — 1, the fibered 
structure yields the equality: 

/(<)) = Max ^(/(x),/^')),^^^/^)),^^^'))))- 
Now by induction, using the inclusion ip k (B x ) C U{ k : 

d F (wi k ((p k (z)),w ik ((p k (z'))^ <d F (zn io (z),m (z')\ < 2e 
and on the other hand dx i^ k {x) : ip k (x')) < 2e since x,x' G -B"^, so 

d E {^{z), V k {z'))<e. 

This proves that P has d^-diameter less than 2s. We denote by P(B X , B F ) 
this set. 

We now fix a minimal covering B x , • • • , -B^f ) of X by balls of radius e for 
dfj, and a finite covering Bf • • • , B^) of the fiber F by balls of radius e for 
dp. To each pair (B x , B?), we associate the subset Pij = P(B X , Bj) of 
i?. It is easy to see that {Pij)\<i< n ,i<j<m is a covering of E by subsets of 
diameter less than 2e for df^. Then 

G%(2e)<m-G%(e), 

which yields h po i(y?) < h pol (^). □ 

We are now in position to give the proof of the theorem. 

proof of theorem [7] . We assume without loss of generality that H{£) = 0. 
For two values a < b of /, we denote by cc(f~ 1 (]a,b[)) (resp cc(/ _1 ({a}))) 
a connected component of / _1 (]a,6[) (resp Such a domain is 

obvioulsy invariant by (f)jj. The strategy of the proof consists in choos- 
ing a suitable finite covering of by such domains D and to compute 
h* ol (0H , D) := h* ol ((</>#) | D ) for each of them. We choose the domains such 
that only the following four different cases occur: 

(1) cc(/ _1 (]a, &[)) is a maximal action angle domain. 

(2) there exists c G]a, b[ such that / -1 (c) n cc(/ _1 (]a, &[)) is a Klein 
bottle, and }a,b[\{c} C 

(3) cc(/~ 1 ({a})) is an elliptic orbit. 

(4) cc(/ _1 ({a})) is a OO-level. 

• Cases (1) and (2): Using remark T2.2I and property 13.11 (2). we see that 
(2) boils down to (1). Let A C M be an action angle domain such that 
cc(/ _1 ([a, b])) C A. There exists an open domain U C M 2 and a symplectic 
diffeomorphism ^ : A — > T 2 x U, m \— > r) such that r = R o (H, f) 
where R is a diffeomorphism between two open domains of R 2 . Moreover 
<f>H is conjugate to the Hamiltonian flow ip := (ipt) on T 2 x U associated 
with Ho vp- 1 . One has ^(cc^Qa, b[))) = T 2 x i?(0,]a,6[). Consider the 
sequences (a n ) n( =N* an d (6n)neN* defined by 

a n = a+-(6 — a), b n = b (6 — a) 

n n 
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For n > 2, we set K n := ^(/^(K, K]))) = T 2 x R(0, [a n ,b n ]). So 
cc(rX}a,b[))=\J*- 1 (K n ). 

n>2 

By propositions 13,11 and I3.2| one gets 

hl^H^cif-'QaM))) = sup h; ol (V,T 2 x K n ) e {0,1}- 

n&i 

• Case (3): Let C := cc(/ ({a})) be the elliptic orbit. The time-one map 
of the flow <pH restricted to C is conjugate to a rotation, so h* ol (0if,C) = 
h p olOff,C) = 0. 

• Case (4): Let & = := cc(/ _1 ({a})) be the OO-level. Let C be the hy- 
perbolic contained in & and denote by W s its stable manifold. Then, as 
before, h po i(0jj,C) = 0. Now &\C has two connected components W\ and 
Wi- For i = 1,2, there exists a domain A C Wi U C such that 

C C A C W s and VFi = |J (^)" n (A)- 

We can assume that A is small enough so that (A, {</>H)\WiUc) admits 
a contracting fibered structure over (C, (4>h)\c)- Therefore h. po \((pH, A) = 
hpol(<fe,C) = 0, which yields h* ol A) = 0. Applying proposition [3711 
one gets 

h; i(^, U(^r n (A))=o, 

nSN 

and h; ol (^, 0») = 0. □ 

5. The polynomial entropy h po i 

This section is devoted to the following main result of this paper. 

Theorem 2. Let (<?,(j)H,f) be a dynamically coherent system. Then 

hpoiOMe {0,1,2}. 

Moreover, h po i = 2 if and only if 4>h possesses a hyperbolic orbit. 

5.1. Sketch of proof. For two values a < b of /, we denote by cc(/ _1 ([a, b])) 
an arbitrary connected component of / _1 ([a, 6]). Such a domain is obviously 
invariant by 4>h- The strategy of the proof consists in choosing a suitable 
finite covering of $ by such domains and to compute h po i(0#, cc(/ _1 ([a, 6]))) 
for each of them. We choose the domains such that the following four differ- 
ent cases only occur: 

(1) cc(/ _1 ([a, b])) is contained in a action-angle domain. 

(2) there exists c G]a,6[ such that / -1 (c) n cc(/ _1 (]a, &[)) is a Klein 
bottle, and [a, 6] \ {c} C 

(3) n cc(/ _1 ([a,6])) is an elliptic orbit and ]a,b] C 

(4) f~ 1 (a)ncc(f~ 1 (]a,b])) is contained in an OO-level and ]a,b] C 
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• Case (1) and (2). As before, we just have to study the case (1). By 
proposition 13.21 one can immediately conclude that: 

Vfe cctf-\[a, &])) € {0,1}. 



• Case (3). We will use corollary 12.11 and proposition 13.21 We denote 
by C the elliptic orbit C = f~ 1 ({a}) H cc(/ _1 ([a, b])). We assume that 
cc(/ _1 ([a, 6])) is contained in an open neighborhood U of C with coordinates 
(<p,I,q,p) as in proposition 12.21 

Let O := I(U) x J(U) and consider the flow <p on T 2 x O associated with 
the vector field (JTJ), defined in corollary 12.11 Then, by corollary 12.11 

h P oi(^, cc(f- l ([a, b]))) < hp^.-Tr-vcrHk &]))))■ 

Now by proposition h po i(</> 1 , 7r- 1 (cc(/- 1 ([a, 6])))) G {0,1}. 

1) If hp O i(^ 1 ,7r- 1 (cc(/- 1 ([a,6]))))=0, then h po i(^,cc(/- 1 ([a,6]))) = 0. 

2) Ifh po i(^ 1 ,7r- 1 (cc(/- 1 ([a J 6])))) = 1 then h pol (0 H) /^([a, 6])) = 1. Indeed, 
show that h po i((f)H, / _1 ([a, b])) > 1. We consider (I, J) as functions on the 
values e, p of H and and conversely, we consider H as functions on the 
variables I, J. We set 

S:{(I(p,p),J(p,p))\p€ [a,b]}, and w : S ->• M n : (J, J) h> d (/jJ) (%). 

Since h po i(0 , n (cc(f ([a, 6])))) = 1, by proposition 13.21 there exists 
a value c G [a, b] such that rankw(/(0, c), J(0, c)) = 1. By lower semi- 
continuity of the rank , there exists a neighborhood V C [a, b] of c such 
that for each d G V, rankw(I(0, c'), J(0, c')) = 1. So we can assume that 
c G ]a, 6], Fix e > such that [c — e, c + e] C [a, b]. Then 

h P oi(0H, r\[a, b})) > h pol (<t> H , r\[c -e,c' + e])) = 1, 
the last equality coming from proposition 13.21 

• Case (4). We first observe that, as in the case of Klein bottles, by 13. II (2), 
it suffices to study the case where & is orientable. We will indeed study the 
more general case where 3? is a simple polycycle. 

Given a simple polycycle contained in / _1 (0), there are regular values 
±a of / and a neighborhood f C — a, a[) of & 1 in S such that each con- 

nected component of / _1 (]0, ±a[)n^ / is contained in a maximal action-angle 
domain. Given such a domain, 3), then £F D & is a stratified submanifold 
of <f , which is the "ordered" union of a finite number of hyperbolic orbits, 
C±, . . . , C n , and cylinders W^^k+i f°r 1 < k < n, such that W^^+i is one com- 
mon connected component of W~{Ck) and W + {Ck+\) (with the convention 
n + 1 = 1 , see [Mar09j for some details in the ordering in the planar case) . 

Since is simple, by definition, one can choose a > small enough so 
that for each domain Qi as above, setting *2) a = Q n / _1 (]0, ±a]) (according 
to the initial sign), there exists a homeomorphism 

X : ^ -»• T 2 x [0, 1] 

which is smooth outside the union of the hyperbolic orbits contained in 
f„n^ and such that x _1 (T 2 x {c}) is a Liouville torus for each c G ]0, 1]. 
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Figure 1. 



Such a domain 3> a will be called a partial neighborhood for and such a 
homeomorphism \ will be called a compatible homeomorphism. 

We remark that if a is small enough, there exists a finite set of such partial 
neighborhoods £F a whose union cover & . 

We will choose a suitable finite covering of a neighborhood of by partial 
neighborhoods and we will conjugate the flow <pn restricted to any of them 
of & to the flow <fi of a "model" system on s/ := T 2 x [0, 1] for which we will 
be able to estimate the polynomial entropy. 

In section 5.2, we define the model system <p and construct a conjugacy 
between (j) and the restriction of (pn to a partial neighborhood. In section 
5.3, we show that h po i(</>) = 2. 

5.2. Construction of the conjugacy to a p-model system. Consider 
the compact annulus s/ := T X [0, 1] with coordinates (0,r). 

If if) = (^*) teK is a flow on s/ whose orbits are the circles T x {r}, we define 
the separation function for two points a = (6>, r) and a' = {9 1 , r) on the same 
orbits as follows. Consider a lift ip := (ip 1 ) of ip to R x [0, 1] and two lifts 
a, a' of a, a' located in the same fundamental domain of the covering. We 
set ^>*(a) = (x(t),r) and ^(a!) = (x'(t),r). Then the separation function of 
a and a' is the function E a ^ a > : R — > R defined by 

S 0>a ,(i) = |x / (t)-x(t)|. 

Obviously, £J 0j0 / is independent of the lifts. It is a smooth, nonnegative and 
periodic function. 

Notation 5.1. If ip = (V , *)teR * s ffl /^ ow on a X, we will often write 
ip(t,x) instead of ip* (x) . 

We define a fundamental domain for the flow ip on s/ as a subset Jtf of 
s/ of the form ip([0, 1], A) = U te [ 0j i]V' < (A), where A is a vertical segment of 
equation 8 = 6q. 

Fix p G N*. For 1 < fc < p, we set z k := (|,0) and := {| J - d| < ^}. 

Definition 5.1. We call planar p -model on =c/ any continuous flow ip := 
(V't)teK that satisfies the following conditions: 



18 



CLEMENCE LABROUSSE, JEAN-PIERRE MARCO 



- (CI) If r > 0, the orbit of any point (8, r) is the circle T x {r} and there 
exists £ > such that, for any lift ip := (-0*) of ip in ]Rx]0, 1], and any 
(x, r) G Rx ]0, 1], one has 

where (x(t),r) = ip l (x,r). 

- (C2) There exists a neighborhood G\. of such that the restriction of 
ip to &k is a flow associated with a vector field of the form 

(4) V k (8,r) = X k (r)^[8-^j +/*(r)^ 

where A/% and /x^ are positive C 1 functions on [0, 1] with A/j(0) > 0, 
^(0) = and // fe (0) > 0. Moreover if we set Y>*(0,O) = {8{t),0), then 
(8(t) - 8{t')){t - t') > 0, for any 8 € T \ {|, 1 < A; < p}. 

- (C3) Torsion condition: If $ := (V>*)t e R is any lift of ^ in R x [0, 1], 

one has, for any x G M and < ri < r 2 < 1: 

a:i(t) < x 2 (t) 

where (xj(i),rj) = ip t (x,ri). 

- (C4) Tameness condition: There exists a fundamental domain ,J€ 
for V such that, given two points a and a' in on the same orbit, 
there exists to such that E a ^ a i(t$) is maximum and the points ip to (a) 
and ip to (a r ) are located inside the domain J?T. 

Let us comment this definition. The conditions (CI) and (C2) say that 
each orbit with positive r is periodic and that the points z k are the only fixed 
points of the flow. The torsion condition says that the vertical is twisted to 
the right by the maps ip f for t > 0. The tameness condition is essentially 
a technical condition that facilitate the computation of h po i. Due to the 
torsion condition, the period T(r) of the periodic orbit T x {r}, r > 0, is 
a decreasing function of r, so that the minimal period T* is achieved when 
r = 1. 

Definition 5.2. Let a be a C 1 positive function and let ip be a planar p- 
model flow on T x [0, 1]. The p-model system on £/ := T 2 x [0, 1] associated 
with a and ip is the continuous flow a ® ip ■ ((a <8> V0*)teR defined by 

(a ® 0, r) = {^ + ta{r) [Z],^(0, r)). 

We call minimal period of the p-model system the minimal period T* of the 
associated planar p-model flow. 

The following proposition, stated here a little bit improperly, will be made 
precise and proved in section 3.3.2. 

Proposition 5.1. With the previous assumptions, given a p-model system 
on srf with large enough minimal period, then h po i(a <g) ip) = 2. 
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We say that a partial neighborhood 3l a of a simple polycycle is a desin- 
gularization domain if there exists a compatible homeomorphism x : — > 
T 2 x [0, 1] which conjugates <pjj to the flow a ® ip °f a p-model on that 
is, 

V(i, z) G R x £^ a , x <Aff (*) 2) = a 

®V>(*,x(*)). 

We can now state our main result. 



Theorem 3. Given a simple polycycle & of the dynamically coherent system 
{$ , (f>H, f), there exists a > small enough so that any partial neighborhood 
Ql a is a desingularization domain. 

Definition 5.3. Given a partial neighborhood 3l a for & and a positive func- 
tion r : [0, a] —> R, we call proper section associated with r a 2-dimensional 
C 1 submanifold S of Q> a such that for each z £ £? a \S, there exists a unique 
pair (t~,t+) € R* _ x R*+ with t+ -t~ = r(/(z)) and z)nE = 0, 

and such that the Poincare map defined for each z £ S by 

p(z) = ^ H {r(f(z)),z) 

is a homeomorphism of S. By C 1 submanifold we mean here a C° subman- 
ifold whose intersection with $> a is C . 

Given a planar p-model (T x [0, l],^) an d a continuous positive function 
a : [0, 1] —> R, the associated time-a map is the map ip a : Tx [0, 1] — > Tx [0, 1] 
such that 

r(0,r) = ^{a(r),(9,r)). 
The proof of Theorem 3 will rely on the following two lemmas. 

Lemma I. Let T be the common period of the hyperbolic orbits contained in 
& . Let Sl a be a partial neighborhood of . Then, there exists a proper 
section in 3> a associated with a C 1 function r : [0, a] — > R?j_ such that 
lim p ^o t(p) =T. 

Lemma II. Let Ql a be a partial neighborhood of & and let S be a proper 
section associated with r. Set a : [0,1] -fR:r4 r{ar). Then the return 
map p of S is C° '-conjugated to the time-ct map of a planar p-model (T x 
[0,1], v). 



5.2.1. Normal coordinates in the neighborhood of hyperbolic orbits. Fix a hy- 
perbolic orbit Ck in S> a . Set ^ : &kea = Uk H $ as defined in corollary 
with coordinates ((fkiQkiPk)- The vector field X H reads 

^ = -^-{h, Jk) = -^r{^{qkPk),qkPk) 

Oik OJ-k 

dH dJk , T s dH . . 

9* = --^-rV I k-,Jk)-^—{Jk) = -Pkw-r{^{qkPk),qkPk) 



oJk oq k oJ k 

dH dJk , T , dH 

ik = -tt 4, Jk) « — {Jk) = qkTr-r{^{qkPk), qkPk) 
dJ dp k dJk 
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Let / : J k ^ F(j? k (J k , e ), J k ) 

Q 2 f'{QkPk) qkPkf"{QkPk) 

p 2 f'(qkPk) Pkqkf"(qkPk) 

Since the surface a l/ k n {(0, q k ,p k ) \ (qk,Pk) £ 1S transverse to C k in $ , the 
determinant above does not vanish and /'(0) / 0. 

Denoting by f^ 1 the inverse of / : J k >->■ f(Ik(Jk,eo),Jk), we set 

^ : ■/*->• -Qj(s(rHJk)),rHJk)), x k -.j k ^ —(j?(j-\j k ))j-\j k )). 

One easily checks that these functions are C 1 . 

Permutating p k and — p k and q k and — q k if necessary, we can assume that 
S^a H is defined by p k > 0,q k > 0, for any 1 < k < p and that X k > 0. 
Therefore, S> a n ^ can be parametrized by (ip k ,u = q k — p k , p = J k {p k q k )). 

Since q k +p k = ^ {qk ~ Pk) 2 + HkPk = \J u 2 + 4J^ 1 (p) and setting = 
4J A T 1 ( / o), the vector field reads 

(★) tp k =uj k (p), it := X k (p)^u 2 + p, k {p), p=0. 

In the following, we denote by % k the domain contained in % k Pi S> a defined 
by \u\ <u, for u > small enough independent of k. 

5.2.2. Construction of the proper section: proof of Lemma I. This section 
is devoted to the proof of lemma I. Since a partial neighborhood is the 
closure of an action-angle domain, we will have to study the proper sections 
for action-angle systems. Since action-angle systems admit a foliation by 
invariant Kronecker tori, we begin by studying the proper sections (suitably 
defined) for Kronecker flows on T 2 . 

1. Proper sections for minimal Kronecker flows. Consider a constant vector 
field X = (x!,x 2 ) withx 2 / OonT 2 . We set $ : RxT 2 T 2 : (t,9) ^ </>'(0). 
We denote by ir the canonical projection M? — > T 2 . 

Definition 5.4. A closed curve ScT 2 transverse to X is a proper section 
if 

- for all 6 G T 2 \ S, there exists (tg , tj) G R* x R* + such that fie (0) G S, 

<pe{0) G S and &Qtg,t$[,0) n S = 0, 

- the number r := fg — tg is independent of 0, 

We say that r is the transition time associated with S. 

We denote by V r the set of vector lines in M. 2 with rational slope. For 
(liP) 6 Z x N, we denote by D q p the vector line with direction vector (q,p). 
Let 5? be the subset of ZxN defined by (q,p) G 5? if \q\ Ap = 1. Obviously, 
the map P r — >■ oS^ 7 : -Dq iP i— >■ (q,p) is bijective. 

Proposition 5.2. For any G ,5? such that X ^ D q;P , the projection 

-n(D q ^) is a proper section. 

Proof. Fix (q,p) G 5? and let us study the dynamics in the lift M 2 of T 2 . 
One has: 

Tr-VtA^)) = |J ((m,n) + £>,,,) = |J ((0, ^) + £>,, 



a 2 / = 
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the last equality coming from Z + -Z = -1, since (q,p) G =5^. For n G Z, 
we denote by L>„ the affine line (0, ^) + Aj, p . Let z G 7T -1 (7r(.D g) p)). Let 
m G Z such that z G D m . The time r needed to come back to 7r _1 (7r(D giP )) 
following the orbit z + MX is the time needed to cut the line D m+ \ or the 
line D m -\. This time is independent of the choice of z on D m and of the 
choice of m G Z. A simple computation yields r = \x2q — px^ 1 . From this, 
one immediately deduces that for any z G M 2 , tf — t~ = r. □ 

2. Proper sections for action-angle systems on T 2 x R 2 . Let O be an 
open domain in R 2 and let h : O — > M. be a C 2 function. Consider the 
Hamiltonian system X H on T 2 xO defined by H(9,r) = h(r). We denote 
by (j>H its associated flow. Fix a regular value e of h and set % e := h~ l ({e}). 
For r £ O, we set 7^ := T 2 x {r}. The torus % is ^-invariant and X H 
is constant on %■, so it can be canonically identified with an element of R 2 . 
We denote by n r : M 2 —t % the canonical projection. 

Definition 5.5. Let D G V r and assume that X H (r) $ D, Vr G O. 

1) Let 9 : O -> T 2 be a smooth map . Set Jzf := {(G(r),r) | r G O}. The 
proper section associated with Jz? and D is the submanifold: 

S:= |J (0(r)+7r r (D)). 

2) Let Q e :n e ^ T 2 be a smooth map and set Jzf e := {(0 e (r), r) | r G He}- 
The proper section associated with Jz? e and Z) is the submanifold: 

|J (e e (r) + 7r r (£>)). 

re-He 

Remark 5.1. Fix r in "H e . For any 6 £ T r , the circle e (r) + ir r (D) is a 
proper section for the Kronecker flow induced by <f>u on 7^. We denote by 
r(r) its associated transition time. Obviously, the function t:t4 r(r) is 
smooth. We say that r is the transition function associated with S. 

3. Proper sections in a partial neighborhood of a simple poly cycle. Now we 
go back to our Bott system and our simple polycyle with its neighborhood 
U endowed with globally defined functions ,f and ^ . Observe that 

(5) S{z) = [ A, 

Jc(z) 

where C(z) is any circle Cfc, e (p) such that z G T e , p - This function is well 
defined. Obviously, J' only depends on the values e and p of H and F. By 
construction its vector field is 1-periodic and the critical circles ^>k,e are 
orbits of its flow (<^r). 

Consider the partial neighborhood "V C % of & in M that contains 3> a , 
that is, V fl f/fc = tft n {pfc^fc > 0} (for a suitable compatibe choice of the 
variables Pk,qk)- Assume that we got another function A defined on V such 
that: 

- A only depends on the values e and p of H and F, 

- A is independent of J^, 

- ^4 generates a 1-periodic flow (<^). 
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Then, the pair A) is a pair of action variables as defined in [Dui80j 

o 

and we can construct a symplectic diffeomorphism f:f4T 2 xB:z4 

o 

(6i,9 a ,^f,A), where "V = "V H {p k q k > 0} and 5 is an open domain in M 2 
(see Appendix A for the construction in a general case). As a consequence, 
if H := H o fy^ 1 and if (</>*) is the Hamiltonian flow associated with H in 
T 2 x B, then f o^ = ^o for all f G M. 

Proposition 5.3. Fix u* > and se£ ("l : = {0} x {— u*} x [0, a] C 

Assume that X H is transverse to <^([0, T], (j). Then ^([O, T], £i) is a 
proper section for (f>jj in S> a associated with a C 1 function r :]0, a] — > 

Proof We begin with showing that ^(^([0, 1], (j)) is a proper section for 
<p in ^/(^a). The restrictions on ^ a of J and j4 only depend on the values 
p of F and we write <^(p), A(p). Since £i is only parametrized by p, ^(Ci) 
as the following graph form: 

¥(£>) = (e i (^(p),i4(p)) I fl a (^(p) ) A(p)),^(p) J A(p)). 

Set i? eo := {(y (p) , A(p))) \p & ]0, a]}. Consider A as a function on T 2 x B eo 
and let <pA be the Hamiltonian flow associated with A in T 2 x B eo . Then 

(6) 4> A ([o,T],(e i (y,A),e a (y,A),y,A)) 

= |J {(6 i (y,A),6 a (y,A))+n yA (D 0A )} x{y,A}. 

J, A 

Let us denote by f the transition function associated with ^(^([0, 1], Cl)- 
Obviously, since ^> conjugates the flows <f>H and eft, <^>a([0, 1], Cl) i s a proper 
section for <j>H with well defined transition function r(/(z)) = f(y(f(z)),A(f(z))), 
thanks to the transversality assumption . □ 

We will now construct such an action variable A. Then we show that the 
proper section got in the previous proposition has a well defined continuation 
to the polycycle with a C 1 transition function r. 

Construction of A. The construction of A is based on the following lemma. 
Lemma 5.1. There exists a 3- dimensional submanifold U in ^ which is 

transverse to & := U e e[e -<5o eo+<5o] ^ e an< ^ suc ^ that f or anv 1 — ^ — P> 
UnU k :={ip k = 0}. 

Proof. Consider the submanifold II := =^({0} x Ox]eo — 5q, eo + #o[) ( see the 
definition of a simple polycycle). Let k £ {1 . . . ,p}. Since II is transverse 
to F, II is transverse to C k . We set (y>jj, I k (eo, 0), 0, 0) := IlnCfc. Consider 
the symplectic diffeomorphism (cp k , I k ,q k ,p k ) ^ (<£k ~ <P° k ,Ik,qk,Pk) in U k . 
We still denote by (p k the first variable. In these new coordinates, IlnCfe : = 
(0, ifc(eo, 0), 0, 0). By transversality, there exists a neighborhood V k C U k in 
which II has the following graph form: 

n n v k -.= {(ip k (i k ,Pk,qk),ik,Pk,qk)}- 

Consider the symplectic diffeomorphism 

(7) (<PkJk,Qk,Pk) ^ (<Pk,v>k -/=(<& ~Pk),v k := —7=(q k +p k ))- 
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Fix u > such that {((fk, -ffc, u k , Vk) E Uk\\uk\ <u} C Vfc. Let Tyfc be a bump 
function on Uk with support in the domain {u < u} C and consider the 
submanifold II defined by 

nn Uk := {(l - rik)vk(ik,Pk,qk),h,Pk,qk)}, 1 < fc < p, 

and which coincides with II outside the One easily checks that II satisfies 
the hypotheses of the lemma. □ 

For (S,e) G J (T) x H{f) \ { {f{p(e), e) | e G ]e - <5 , eo + <f [}, we set 

T./.e := 7^,p n n, 

where T e ,p is the Liouville torus with J?(p, e) = For z G ', we set 

7(2) := lf{ z ),H(z)- 
The function 



,4 : r 



(8) 



A 

7« 



is well defined and C 2 . Obviously, A only depends on e and p and one imme- 
diately checks that A is independent of . By construction its vector field 
X A is 1-periodic. We denote by S the proper section given by proposition 
5.31 and by r its associated transition function. 



Continuation of 5 to g?. For < u < u, and 1 < k < p, we define the 
surfaces T^(u) := {ut = u} C U k f\& a and T^(-u) := {u k = -u} C UkC\& a - 
The continuation of 5 in & necessitates five steps. 

• Step 1: For 1 < k < p, there exists u* k > such that the Poincare maps 
associated with (j) A between the surfaces r^~(— ut) and rr(u£) are well defined 
and read 

Pk{Vk,u* k ,p) = (<p k +ti k {p),u%,p) 1 < k <p, 
where $k '■ [0, a] — > R is C° 7 C 1 on ]0, a] and satisfies lim p ^o $k{p) = 0. 

Proof. For (e,p) G iJ(^) x F{Y), k G {1, ...,p}, and n G]0,u] we set 

lp,e(k' u ) '■= J J(p,e),e( k i U ) := (l f{p,e),en{[-U,u}}) C (7 f{p,e),e H (Uf. H <^e)), 

so that j Pt e(k, u) is the part of 7 Pje limited by the sections inside Since 
pi—)- J? (p, e) is a diffeomorphism for fixed e, we will work with & in the rest 
of this proof and we will write 7 j j6 instead of 7 jf( P: e) : e- In the coordinates 
(tfiki Ik, u k, v k) introduced in (J7|) the 1-form A& reads A^ := Ifrdtpk + v^du^.- 
Therefore, 

/ A fc = I Js 2 + 2j?ds. 

J-y ^ e (k,u) J —u 

In particular, when JF = 0: 



'7o, e (fc,«) 
For n,n* in ]0,u], we set 



/ Xk= \s\ds 

J -yn - (k,u) J —u 



u 2 . 
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One immediately checks that lZu )U * is C 2 . Then, writing A as function of 
the variables ^ and e: 

MS,e):= f A i + ^/ A fc + 7ifi )tt .(^,e). 



OA 



Set, for e e]e - <5 ,e + S [, u\{e) := u* + (e 2M t o) ^-(0, e )- Then, one 
immediately checks that 

/n\ dn ui (e), u * ( s sa 1 <9A 

(9) — (0. e o) = ^(0, eo) " 2u — ^(0, e ) = 0. 

Observe that iti(eo) = it*- We set u* k = u*, for 2 < k < p. In the 
following, we will omit the lower indices u±(e),u* and write n{^ , e) instead 
of W Ul ( e ),u»( ( /.e). 

In the coordinates, (fk,Ik,Qk,Pk) the vector field X' 4 , restricted to 
reads 



<9e ' 

g /-ui(e) 



/ u H e J y F f) f u I 

^ s 2 + 2/ds + Y^— / ^s* + 2fds 



+ 97 ( ^' e) ^ (Pfc ' (?fc) + ^ ( ^' e) a7 (4 '^ ) ^ fe ' (?fc) 



V i- U1 (e) + f^ 2 J-u* ^+2j 



m , ^ ^ on, ^ bh 



/"i( e ) / p >5 f M * y 

+ 97 (/ ' e) af fe ' (?fc) + ^ u ' e) 97 (4 '^ ) i fe ' (Zfc) 



OQk J-ui{e) 



(/- 



ds A r* ds 

(e) 7^+27 + S 7^+27 



an , „ , dTe, ^ . a# , r „A 

From now on, we will limit ourselves to the level H = e$. Set 

and i?jt( c /) := ^( c /, e )|^(4, ,/)■ Then, in the coordinates (f k ,qk,Pk), 
the restriction of X A to £F a reads: 

<j>k = Rk{f), qk = K{ i /)q k , Pk = -K(j r )p k - 
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Consider the renormalized vector field X on S> a defined by 



A 



Its flow (f> has the same orbits as the flow <f>A associated with X A , so the 

Poincare maps between rjj" (tt£) and rr(ut) associated with (j) and (f>A do 
coincide. Observe that, if we introduce the transition time 

ds 



/u 
-u* 



l<k<p, 



then the map P k : z h-> <j){T( c fl), z) for z G r^"(w^) is the Poincare map 
associated with X between {u* k ) and T k (u* k ). 

Observe also that ^ and A are in involution. Indeed, the orbits of (pA 
are contained in the level sets H = e, ^ = J . Therefore, ^ is also constant 
along the orbits of X. Hence, one gets 



( f 1 



(10) P k (<p k ,u*,p)=[<p k + ) R ^^ dt,u*,p 



T{f{p))R k {f{p)) 
<Pk H 1 rrl AN ,u 



Now 



where B : J ^ e ) + ^(^, e )§f(I k , J) is a bounded function. 

Since lim T(f) = +00 and R k (0) = 0, one gets lim jr^ T ^^ Rk ^^ - 



K 



0, which concludes the proof with # k : p ^ T U (P^o))RkU(p,e )) Q 

K(^(p.eo)) 

In the following, we denote by the surfaces T^(u^) and by P k the 
Poincare map associated with 4>a between and T k . We denote by D k 
the subdomain of n U k bounded by and IT, that is, the domain 
D k := {\u\ < u* k }. Observe that (ip k ,u,p) is a system of coordinates in D^. 

For 1 < k < p, we call admissible arc on Tf a curve 

(:={(<p k (p)),Tu*,p))\pe[0,a]}, 
which is C l on ]0,a] and C° in [0, a]. 

Step 2: Lei £ 6e an admissible arc on Y k . Then P k {Q is an admissible arc 
on F k . Moreover, ^([0, 1], C) H D k has the following graph form: 

<f) A ([0, 1], C) n D e := {ip k (u, p),u, p) I («, p) £ [-u*,u*] x [0, a]} . 

Proof. Let £ be an admissible arc on T^. Then, P k (() := ((p k (p)+'& k (p),u* , p). 
Now, by step 1, the function [0, a] — > R : p i-> i?^(p) is C° on [0, a] and C 1 
on ]0, a], so Pk(() is an admissible arc. 

To see the second part, we first observe that, in D k , u > 0. Then for 
any uo G [— u*,u*], the Poincare map (associated with 4>a) between and 
the surface T(uo) := {u = uq} is well defined. As before, this Poincare map 
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coincides with the Poincare map associated with the flow <p and we denote 
by T kyU0 the associated time of the last one. Then 

f u ° ds 

k ' U ° - J-u* T^W' 

which yields 

(11) ^([0,l],C)nD fc : 
^fc(p) + yT ,u, p) | («, p) e[-u ,u \x [0, a\ 

As before, one immediately check that 

( „,, WfftM) + W(^.))flU(P.e.)) 

k(^(P.co)) 

is continuous on [0, a] and C 1 on ]0, o]. □ 

Step 3: TTie flow 4>a induces a Poincare map P kjk +i between and rjj" +1 . 
Moreover, if ( is an admissible arc on T~j~ , P k>k+ i(Q i s an admissible arc on 

r + 

Proof. First, we show that the flow defines a Poincare map between T^" 
and r^7 with associated transition-time o~k,k+i that only depends on p. 
We set C+ = T+ n Wt and C7 = TV n . Note that the w-limit 

rv rv K /C rv /C 

set of C^T with respect to 4>h is the hyperbolic orbit Ck+i- Now, since 
C^T and Ck+i are not in the same connected component of Wj~ \ C£ +1 , for 
all z G Cfc there exists ct(z) > such that c/)h(o~(z), z) G C j ^ ) _ 1 . Since 
^ = ^k(p)\/ u2 + Pk(p) > in ^ a n ^fc> the intersection time <r(z) is unique. 
In the same way, for any z G Cfc+i' there exists a unique cr(z) < such that 
<J>#(cx(z), z) G CjT. Therefore the Poincare map between Cj~ and C A !" +1 is 
well defined. By compactness of , there exist < t\ < ti such that the 
associated transition time a takes its values in [ii,^]- 

One easily deduces from the previous study that, for a > small enough, 
the Poincare map between n {p G [0, a]} and r^ +1 n {p G [0, a]} is well 
defined. We denote by a k:k+ i its transition time. The function a kjk +i 1S 
smooth. 

Now, observe that the sections and T^ +1 are invariant under the flow 
associated with the first integral J 1 . Indeed, the flow reads (in the 
variables {(fk,Pk,Qk))- <j>k = 1, Pk = = q k , which yields 

tpk = 1, u = 0, p = 0, 

Moreover, since and jr commute, for any i > and any <p k G T: 

(12) (t>H(o- kjk+1 (ip k , u*, p), {if k + t, u*,p)) 

= (t>H(o- k , k+ l(¥k,U* , p),(/>jr(t, (<Pk,U*,p))) 

= <l>s(t,<l>H(<Tk,k+l('Pk,U*,P), (<Pk,U*,p))) 

which belongs to T^ +1 . Therefore a((p k +t,u*,p) = a(ip k ,u*,p). We set 
o-k,k+i{p) ■= <Tk,k+i('Pk,u*,P), for any ip k G T. 
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o 

We denote by D kk+ i the connected component of 3) a \ (T^ U r^ +1 ) that 

o 

does not contain C k and we set D^^+i '■= -Dfc,fc+i U U I^i 1 - 

Set T k := {u = 0} C D k . The transition time a k (associated with <f)jj) 
between Tk\{p = 0} and \{p = 0} is well defined and is independent of 
(p k . Indeed, 

f° ds 

°k(p) 



-u* \k(p)y/s 2 + Hk(p) 
Since lim,,-^ a k{p) = +oo, there exists a > small enough so that for any 
1 < k < p, <p H ([0, l],r^ ) C{«e] - u*,0]}. Therefore the map 

r~x[o,2] -> D fcifc+1 u ^ao,i], r+) 

(((p k ,u*,p),x) i-> <j) H (xa ktk+ x(p),(tp k ,u*,p)) 

is a diffeomorphism. In the following, we consider (ip k ,x,p) as a system of 
coordinates in D k ^ k+ i U <£#(](), 1], r£). 

As before, we will work with the vector field X and its flow <f> instead of 
X A and (j)A, and we will show that (j) induces a Poincare map between IT 
and r^ +1 - Since p is invariant under (j), the vector field X reads: 

X(ip k ,x,p) := (X v (cp k ,x, p),X x (ip k ,x, p),0), 

where X^ and X x are C 1 functions. 
Now, let u G [u*,u]. Then, 

1 f u ds 

x{ip k ,u,p) 



cr k ,k+i(p) Ju* yJs 2 + 2f( P y 

that is, x is a strictly increasing function of u in D k ^ k+ \ n 9/ k . Hence, since 
Mfc=K + 9fc>0on r~, 

(13) X x (v k ,0,p) >0, Vfe,p)£Tx[0,4 

Moreover, since x is independent of (f k in the domain {u G [u*,It]}, for any 

<p fc G T, Xa.^fcjOj/o) = Xa;(0,0,p). 

With xo G [0, 1], we associate the diffeomorphism 

Tfoo : D k>k+1 ->■ D fcjfc+1 U0B-([O,l],r^) 
((p k ,x,p) H> (<p fc ,x + x ,p). 

Observe that for any <p fc G T, D^ kfi ^r] xo (X (ip k , 0, p) = X(ip fc , x , p)). So, 
for any ip k G T, X(ip k ,XQ, p) = X(0, xo, p). This property holds for any 
x G [0,1]. As a consequence, using (|13[) . one sees that there exists (3 > 
such that, for all z G D k>k+ i, X x (z) > j3. Therefore, if we set 



tk,k+i(p) 



ds 



o X x (0,s,p)' 



the map 



Pk,k+i ■ r fc ->■ r fc+1 



(<Pfc,o,p) H4 4>A(t k ,k+i{p),fk,o,p)). 

is a Poincare map between and r^ +1 • We denote by ip^ : T x [0, a] —>T the 
smooth function defined by 4>A{t k ,k+i{p){Vk,Q, p) = (<PA{pk,p), and by 
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<PH : Tx[0,a] — > T the smooth function defined by (pH(o'k,k+i(p){ ( Pki u * > p) = 
(<PH(.¥k,P),-u*,p)- Hence, 

Pk,k+l(*fk,U*,p) = ((p H (<PA(<Pk, P), P), ~U* , P)- 
As a consequence, if £ := {(ip k (p), u*, p) \ p G [0,a]} is an admissible arc 
on r^, its image P k>k+1 ((p k (p),u*, p) = (ip H (<PA(<Pk{p), p), p), ~u* , p) is an 
admissible on r^" +1 . □ 

Consider now the surface S := </>a([0j 1]> Cl) as defined in proposition 15.31 
Observe that, according to the previous graph form (Step 2), the vector field 
X H is transverse to 5 inside the domains D k . By construction of S, this 
immediately implies that X H is everywhere transverse to S. Indeed, the 
action-angle form proves that it is enough that X H be transverse to S at 
only one point in each Liouville torus of the regular foliation. So S is a 
proper section for X . 

Step 4: The surface S can be continuated to & as a continuous surface. 

Proof. Using alternatively Steps 1 and 3, we see that := </>a([0, 1], Ci)nr^ 
is an admissible arc for any 1 < k < p. 

Using step 2, one sees that ^([0, 1], d) H D k is a continuous submanifold 
with the graph form </>a([0, 1], Ci) H D k := {cp k (u, p),u, p) \ (u, p)} . 

It remains to check that 0a ([0, 1], Ci)f]D kjk+ i i s a continuous submanifold. 
For p G [0, a], we write ( k (p) ■= (ip k (p),u* , p). Observe that 

^([o,i],Ci)ni> M+1 = |J (J 0x(^ fc ,fc+i(p),C^(p)) 

pg[0,a] xe[0,l] 

The map [0, a] x [0, 1] — > S : (f>x(xtk,k+i{p), C k (p)) is a homemorphism onto 
</>a([0, l],Ci)nJ3fc,fc+i, which is C 1 on [0, l]x]0,o]. This proves that S 1 admits 
a C° continuation on p = 0. □ 

We still denote by 5" the continuation of S in @ a . 

Step 5: 77ie surface S is a proper section for <f>n associated with a C 1 
function r : [0, a] — > R*_. 

Proof. We will first show that the transition function r :]0, a] — )■ M defined 
in proposition 15.31 has a well defined C 1 continuation on [0, a]. Then we will 
prove that this function is a transition function for S with respect to 4>h- 

We consider the lift R x [-u*,u*] x [0, a] of T x [-it*, u*] x [0, a] C W k . We 
still denote by 4>h, <Pa and </> the lifted Hamiltonian flows onlx [— u*, u*] x 
[0, a]. Let us denote by T the common period of the orbits C k . We set 
X H (z):=(XX(z),X*(z),0). 

By continuity of X H , we can assume that u* and a are small enough so 
that for any z € M x [— u*,u*] x [0,a], X^(z) G [y, gf]. Hence, there exists 
a > such that 

M^.Ci) C {</>i < l-a}, <Ph(2TXi) C {<pi >l + a}. 

On the other hand, we can also assume that a is small enough so that there 
exists uq G ]0,it*] such that 

^([0,22l,( 1 )c{u6[-tt* r « ]}. 



POLYNOMIAL ENTROPIES FOR BOTT SYSTEMS 



2\) 



Let Ci := Ci + (1,0,0) C R x [-«*,«*] x [0,o] and set Ci(p) := (l,-it*,p). 

Finally set t(p) := / — -^^^^^^^=. By construction, since in the coor- 
J-u* ^Ju 2 + 2f{p) 

dinates ((p\,u,p) the vector field X reads 



^ = ^j)' u=^ + 2j?(p), p = Q, 

for any p G [0, a], <j)ji(t(p), (1, — u*,p)) G {u = no}. Let Si be the smooth 
surface 

5i:= |J <p x ([0,t(p)]Xi(p))- 

pe[0,a] 

By step 2, Si has the following graph form: 

Si '■= {{Vii^P)^^) | (u,p) G [-«*,-u ] x [0,a]} 
Since the function p — )■ £(/?) is decreasing, therefore 

Si := x ([o, *(0)], Ci) n{t.e [-«*, -n ]}. 

Moreover, since lim p ^o ^(^/(pjj = ^> there exists a > small enough so that 
for any p G [0, a], i(0) — J^J~y) ^ a ' ^ s a conse( l uence > 

5i C B := [1 - a, 1 + a] x [—u*, — «o] x [0, a], 

and B \ S\ has two connected components. Hence for any p G [0, a], 
</>fr(R, (0, us,p)) cut Si once and only once. Let r : [0, a] — > M + be such 
that (J)h(t(p), (0, — us, p) G Si. Then r is the restriction to {— u*} x [0, a] 
of the transition time associated to the Poincare map (with respect to 
between the smooth surfaces {if = 0} and Si. This map is smooth since the 
both surfaces are smooth and transverse to <f>u- Hence, r is smooth on [0, a]. 
Finally, if tt : K — > T is the canonical projection, vr(Si) C S. Obviously, the 
function r defined above coincide in Sl~l {p > 0} with the transition function 
r defined in proposition 15.31 It remains to check, that for any z G S n 
the transition time r(z) of z is r(0). Fix z G S n Let 7 : [0, a] — >• S be a 
continuous map such that 7(0) = 2 and for any r 6 ]0, a], 7(7") C S(~){p = r}. 
Then for any p g]0, a], 4>h(t(p),^(p)) G S. Since S is closed, by continuity 
of 4>h,t and 7, 7(21) G S. □ 

5.2.3. Construction of the conjugacy between p and^ a : proof of Lemma II. 
This section is devoted to the proof of lemma II. Let S be a proper section 
with time r as in lemma I. In each ^ n @t a , S has the following graph form 

S := {(ip k (u,p)w,p) I ip G T, G [-n,n] x [0,a]}. 

The proof consists in the construction of a suitable planar p-model tp. Our 
strategy is the following. 

• We first construct a fundamental domain for the map p in each subdomain 
^4 n S of S. A fundamental domain means a domain bounded by a 
"vertical" curve with equation u = uq in S and its image p^ 1 {Dj t ) (and 
the natural horizontal boundaries). 
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• We show that there exists an integer m k such that the domains p(A^), 

. . . , p mfc (Afc) cover the connected component R k of S between S D ^ and 
5 n W k+1 and such that p mk (A k ) C S f) <fr k+1 . 

This being done, the construction of the planar p-model necessitates three 
steps. 

• For 1 < k < p, we construct a vector field X k with associated flow ipn.\ in 
a suitable neighborhood G k of the point (|,0) G T x [0,1], such that there 
exists a homeomorphism Xk between A^ and a fundamental domain of X k . 

• For 1 < k < p, we construct a vector field of X k with associated flow 

in a suitable subdomain & k of T x [0, 1] such that we can glue together the 
flows t/}f k \ and V>(fc) (f° r 1 < k < p) to get a flow i^onlx [0, 1] with a time 
map ip a conjugated to p. 

• We check that the flow ip is a planar p-model. 

1. Construction of the fundamental domains A k . The construction of the 
fundamental domains A k is based on the construction in each domain of 
a pair of sections that are transverse both to the flow and to S. 

Lemma 5.2. There exists u* G [0, u] such that, for any 1 < k < p, the sec- 
tions := {u = —u*} andT,^ := {u = u*} satisfy the following conditions: 

• ( CI): The Poincare return map between £^ \ {p = 0} and \ {p = 0} 
is well defined and its associated time T k does not depend on if and is a 
decreasing function of p. 

• ( C2): The Poincare return map between and is well defined and 
its associated time a k ,k+i does not depend on (p and is a decreasing function 
of p. 

Proof. Let us prove (CI). Fix uq < u and consider the surfaces defined 
as above for 1 < k < p. By (*), one immediately checks that they are 
transverse to the flow and that the transition time between EjJ" \ {p = 0} 
and \ {p = 0} is given by 



Moreover, by direct computation, one sees that lim p ^o T 'k(p) = ~ °°- As 
a consequence, if a is small enough, r'Ap) < for any p G [0, a]. In the 
following, we assume that a is small enough so that, for any 1 < k < p, T k is 
decreasing on [0, a] and (CI) is realized. 

In Step 3 of the continuation of S, we proved the existence of a Poincare 
map between and with associated transition time o~k,k+i that only 

depends on p. It remains to check the decreasing condition on the time 
<Tk,k+i- Note that the function p i-> cr' k k+1 (p) is uniformely bounded on 
[0, a]. Fix < u* < uq and consider, for 1 < k < p, the sections S^(u*) : = 
{u = —u*} and S^(u*) := {u = u*}. Let a kl k+i De t ne transition time 
between («*) and SjJ" +1 (u*). Then 



Tk(p) 



2 



Argsh 



Hp) 



VpJp) 



&k,k+i{p) '■ 



Hp) 



2 



Argsh 



V^ip) 



Argsh 




+ (Tk,k+l(p)- 
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Let g : p i-> ( Argsh —r== — Argsh %— I . By elementary computation 

AW V V W) v w>) / 

one sees that: 

Hp)p'(p) []_ J_ 

Therefore, for u* small enough p — )■ cjfc^+i^) is decreasing and (C2) is also 
realized. Obviously, one can choose u* small enough so that (CI) and (C2) 
are realized for any 1 < k < p. □ 

Remark 5.2. We can assume that u* is small enough so that, for any k G 
{!,-•• ,P} and any p G [0,a], o- fcifc+ i(p) > 2. 

For 1 < /c < p, we set <5fc := S" n £77 := {(cpfc(u*, p) | p G [0, a]}. Since for 
all A;, lim p ^o = +oo, there exists a > small enough such that for any 
p G [0, a] and any /c, r(p) < T k (p). Therefore, C ^ fl 5. 

The fundamental domain A^ is defined as the subdomain of S D ^ 
bounded by p~ 1 (S k ) and (5^. Fix (tp k (u* , p),u* , p) G <5fc. Then 

p _1 (99 fc (u*,p),n*,/?) = (ip k (u k (p),p),u k {p),p) 

where u k {p) is defined by 



r{p) :-- 

Therefore, 



du 



u k (p) ^k{p)\/u 2 + p k {p) 



A fe = {(<p k (u,p),u,p) I u G K(p),n*],p G [0,a]} . 

We denote by the connected component of S\(^ k L)^ k +i) that contains 
p(Afc), that is, the connected component of S \ {^ k H ^fc+i) with nonempty 
intersection with VFTf. 

Lemma 5.3. For 1 < k < p, there exists m k G N* such that 

- p mk (A k ) c (Sn% +1 ), 

- R k c U ^'(Afc). 

j=i 

Proof. For a > we set T a := {r(/?) | p G [0, a]}. There exists < to < t\ 
such that T a := [to(a), ii(a)]. Notice that, if a' < a, then to(o) < to(a') < 
ti(a') < ti(a). By compactness of S k and continuity of o~ k)k+ i, one can 
define a k := max s + <Tfc 5 fc_|_i(z) > 0. There exists m k G N* such that 

(m,fc — l)to(a) > <7fc- Since lim p ^o T k+i(p) = +°o, one can assume that 
a is small enough so that m k ti(a) < r k+ i(p) — o- kjk+ i(p) f° r an Y P G [0, a]- 
That is, 

$ff([(m* - l)t (a),m fc ti(a)],Sfc) C & k . 

In particular, for all z £ 5 k , p mk (z) C $(mfe[fo(a), ti(a)], £77) C that 
is, p mk {5 k ) C f^nS. In the same way, for all z G p _1 (<5 fc ), p mfc (.z) C 
$((m fc - l)[t (a),*i(o)],Efc) C that is, p""" 1 ^) Cf fc n5. 

o i o 

We set Afc:= Afc\(<5fcUp _1 (<5fc)). Since p mk is a diffeomorphism, p mk (A k ) 
is one of the two connected components of S \ (p^S k ) U p mfc_1 (<5fc))- Since 
the second one has nonempty intersection with all the hyperbolic orbits Tj, 
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p m fc(Afc) must be the first one which is contained in "W k+ \ and the first point 
is proved. 

To prove the second point, we first remark that R k is contained in the 
connected component of S \ (p(D k ) U p mk ^ 1 (D). With the same argument 
as in the beginning of the proof, we can assume that a is small enough so 
that (j) H ([-m k ,0},A k ) C So for 2 < j < m k , 

P~ J {Sk) = {(fk(w j {p),p),w j (p),p)} 

f w * du mk 
where uj(p) is defined by / — ^ — = jr(p). Therefore, (J p~ J (A k ) 

Jujip) u + M/>) j=i 
is a connected 2-dimensional submanifold of S with boundaries p~ mk (5k) 

m k I m k \ 

and p (5 k ). As a consequence, |J p ) (A k ) = p mk |J p~ 3 {A k ) is a con- 

3=1 \j=l J 

nected 2-dimensional submanifold of S with boundaries p(6k) and p mk 
Obviously, it is the one which contains R k . □ 

Consider the compact annulus := T x [0,1] with coordinates (6,r). 
For 1 < k < p, we set z k := (|,0), G k := [J «*] x [0,1] and 

^ : = [| + n *, Mi _ u *] x [0, 1]. Finally we set 

a : [0,1] ->R* + :r^T(ar). 
2. Construction of X k and \k- Let X k be the vector field defined on ff k by 



k\ 2 , , d 



X k (6,r) := A fc (ar)y [0--J + Hk(ar) Q() 

We denote by (V'(fc)) hs local flow in G k and by ip" k ^ its associated time-a 
map, that is, ip^(9,r) = ^)(a(r), (0, r)). 
For 1 < k < p, we set 

(<p k (u,p),u,p) i-> (« + *,£)■ 
The proof of the following lemma is immediate. 
Lemma 5.4. Lei fc e {1, ■ ■ ■ 

(1) ^ k) (Xk(p- 1 (S k ))) = Xk(S k ), 

(2) ^(Xfe+iCp^- 1 ^))) =Xfe+i(p mfc (4)), 

(3) for all z£f t \ A fc , = X k{P{z)). 

Construction of X k and of the flow ip. For any k G {1, • • • ,p}, we consider a 
function : ^ — >■ R such that 

(**) / P TTTZa = °k,k+M) 

J k +U * t,k{V,r) 

p 

Let X k be the vector field on M k defined by 

x k (e, r ) = Ck(e,r)^ 
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and denote by (V(fc)) its local flow. By construction, for any r G [0, 1] 

$(k) ((?k,k+i{ar), Q + u*, r 

We define a flow ip on T x [0, 1] by gluing together the flows V(fc) and V(fc)- 
We begin by constructing, for 1 < k < p, a local flow i/j k on ^ |J ^ in the 
following way. For (9,r) G G k \ {z k } there exists a unique t(8,r) > such 
that ip (k) (t(9,r)) £ Xk(h)- We set 

- ^(0,r)=V( fc )(t,(0,r)) ift<t(e,r), 

- ^*(0,r) = fy k) (t-t(0,r), (l + u*,r)) i£t(6,r) < t < t(9,r) + a k , k+1 (ar). 
Lemma 5.5. ip k is a continuous flow on & k \}&k- 

Proof. The continuity of ip k is obvious by construction. One just has to check 
that Vfc is a flow, that is, ip k (s + t, (6,r)) = i/j k o ip k (9, r) = ip k o if)%.(9, r). The 
only possible difficulty occurs when t(9, r) < t + s < t(9, r) + a kjk+ i(ar). 

Assume that s < t and that t(9, r) < t + s < t(9, r) + a kk+ i(ar). We set 
9* ■= | + u*. We first remark that ip k (s+t,(9,r)) = $ k (t+s-t(9,r), {9* ,r)). 
They are three possibilities. 

• t < s < t(9,r). Then t(ip^(s, (9,r))) = t(9,r)-s and t > t(ip^(s, (9,r))). 
Hence 

4 o ^ k (0,r) = Mt,r k (e,r)) = $ {k) (t - tty {k) (s, (9,r))), 

= ^ {k) (t + s-t(9,r),(9*,r)) 
= Ms + t,(9,r)). 

In the same way, Vf o ij) k (9, r) = if; k (s + t, (9, r)). 

• t < t(9, r) < s. Then iph{ s , (9, r)) = V(fc)( s — t(9, r), (9, r)), which yields 

(14) VI o r k (0, r) = V (fc) (t, V( fe ) (s - t(9, r), (9*,r))) 

= £ (fc) (t + s - t(9, r), (9*,r)) = Ms + t, (9, r)). 

On the other hand, 

(15) r k o iplW, r) = V(fc) - (0, r))), (0* , r)) 

= $ {k) (t + s - t(9, r), (9*,r)) = Vfc(s + t, (9, r)). 

• t(9,r) <t < s. Then, as before Vfc° Vf($) r ) = V'fc( s + *> (^> r ))- Conversely, 

VI o 4(0, r) = V(fc)(«, - r), (0*,r))) = Vfc(s + t, (9, r)). 
This concludes the proof. □ 

3. Construction of V conjugacy between V° ariC ^ <Aff- Now, we con- 
struct a global flow V on s& by gluing together the previous flows defined on 
G k |J with the usual convention p + 1 = 1. One checks as in the previous 
lemma that this defines a flow on T x [0, 1]. We denote by V" its time-a 
map. 
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Lemma 5.6. For all z G A k 

Proof. Fix z := ((p k (u, p),u, p) G A&. Let v! G be such that 

pw-fc^) = ((p k+1 ( u ',p),u',p). We set 

/•"* d« /""' ds 



u \ k (p)y/s 2 + p k {p) ~ J-u* \k{p)^Js 2 + Pk{p) 



Then 



Xfc+1 (p^))=(^±I + u'^ 

= ip (a kjk+1 (p) + ti(z) + t 2 {z), ^ + it 

This concludes the proof. □ 

We define a map x '■ S — > T x [0, 1] by setting 

• for 1 < k < p and * G <? fe , xO) = XfcO), 

• for 1 < k < p and z G p^(A fe ) with 1 < j < m fc , x(^) = (V ,a ) j (Xfc(p" j, (2)))- 

Lemma 5.7. TTie map % * s defined and is a homeomorphism. 

Proof. To see that x is weu defined, one has to check that, for 1 < k < p, 
both definitions of x coincide when z G p mk (z). Fix z G p mk {z) and let 
ZQ = p- m *(z) G A fc . Then 

(^) mfc te(p- mfe (p mfc (^o))) = (f) mfc (»(^)) = Xk + i(p mk (zo)) = Xk+l(z), 
the third equality coming from lemma I5U1 

Obviously, x 1S continuous on S \ fUi=fc \JT=j P 3 (<^)J ■ Fi x k and j G 
{1, • • • , m&}. One just has to check that for zq G p J ((5 / i c ), 

lim y(z) = lim x(V)- 

z— >z ^ y ' z^>z ^ v ' 

zepi(A k ) zep i+1 (A k ) 

Let z\ = p~ j (zq). Then 

lim X (z) = (ry(xk(p- j (zo))) = (ry(xk(zi)). 

2Gp J (A fe ) 

On the other hand, using lemma l5\4| one checks that: 

lim x(z) = m j+l (Xk(p- j -Hz ))) = (ry(Xk(zi)), 
zepJ+HAfc) 

By construction, x is a homeomorphism. □ 
Lemma 5.8. For all z G S, x° p( z ) = tp a o x(z). 
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Proof. By lemma [5T4"l it remains to check the conjugacy when z belongs to 
ULfcU^P^Afc). Fix k G j G {0,---m k } and z G p*(A fe ). 

Then: 

(i6) x o P (z) = (ry +1 (xk(p- j -\p(z))) 

= r((ry(xk(p- ] (z))) = r(x(z)) 

which concludes the proof. □ 

It remains to prove that we can construct ip such that it satisfies conditions 
(CI), (C2), (C3) and (C4) of definition O Conditions (CI) and (C2) are 
obviously realized. To get conditions (C3) and (C4), we have to be more 
precise about the choice of the functions defined on the domains M^. 

Proof of lemma II. For u G [0, |], we set 5 U := {| + u} x [0, 1] C Using 

o 

remark [5.21 we see there exists uq > u* such that ip([0,l],S Uo ) C 0$\. Let 
«i G]u ,i[ be such that V([0,1],^ ) C [i + « 0j i x [0,1]. Set /3 = 



J-2u* 



As for £i, we choose a continuous and piecewise C 1 function on £%\ 
[p + u 0) ~ + u l] x [0, 1], constant and equal to 



(17) M := max(/3/2, max \ k (ar)yJ (u*) 2 + // fc (ar)) 

i<fc<p 
re[0,l] 

over [| + uq, - + ui] x [0,1], and we choose the values of £i for (9,r) £ 
[p + u 0, p~ + u\] x [0, 1] in order to satisfy the relation (**) for each fixed 
r, which is possible since cnf?") is bounded below by 2. For k > 2, let us 
choose 



ffc.fc+iO") 



We moreover require that 



£i(0,r)<£i(0,r') 

if r < r' and £ [| + u*, - — u*]. Such a choice is obviously possible since 
the function o\ 2 is decreasing. Let us check that conditions (C3) and (C4) 
are realized. 

• We begin with the tameness condition (C4). Set = ip([0, 1], S UQ ) and 
fix two points z = (9,r) and z' = (9',r) in Jf, on the same orbit, with lifts 
(x, r) and (x' , r) in the universal covering R x [0, 1]. We write as usual if) for 
the lifted flow. There exists a unique to £]0, 1] such that (x',r) = ip to (x,r). 
Now, setting (x(t),r) and (x'(t),r) for ip (x,r) and ifi (x',r), the separation 
function is defined by E z z /(t) = x'(t) — x(t). 

By construction, for any (9, r) G Jt, one has 

- M > maxX k (9', r)) for any (9', r) G G k and any k G {1, . . . ,p}, 

- M > maxX k (9' ,r)) for any (6>',r) G ^fc and any A; G {1, . . . ,p}. 
Therefore, 

/•t+to 

(18) E z>z ,(t)< J Mds = t M, 
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Obviously, the maximum of E z z i is achieved when t = and the tameness 
condition is proved for the fundamental domain Jf. 

• The torsion condition (C3) is easy. It suffices to check that (C3) is 
satisfied in each domain G\~ and that is, one has to verify that for r' >r 
in [0, 1], 

(1) for all 9 such that (0,r) G k , X k (9,r') > X k (9,r), 

(2) for all 9 such that (0,r) G ^ fc , £ fc (0,r) > X fe (0',r). 

The first point is an immediate consequence of the fact that \x k is an increas- 
ing function. The second point is an immediate consequence of the fact that 
o~k,k+i is decreasing. □ 



5.2.4. Proof of Theorem 3. Consider the p-model a ® tp on . Recall that 
for any z G S> a \ S, there exists a unique pair (tj,i+) G K~ x R + , such 
that (/> H (t~,z) G S, <j) H (tf,z) G S and <j> H (]tj, t+[, z) n S 1 = 0. Moreover if 
zG/-i(p),i+-iJ = r(p). 

Consider the map x '■ — > defined by 

- x(*) = (0,x(*)) if«€5 

- x(^) = a ® , x{<t>H{t z , z))) 

Proof of Theorem 3. We will prove that % is a compatible homeomorphism 
that conjugates 4>h and a £3 if). We begin by checking the continuity of \. 
Obviously, x is continuous on &> a \ S. Let us check the continuity in S. Let 
e = \ Min r(p). Let V + := {z £ @ a \t+ £ [0, e]} and V + := {z G 9 a \ t~ G 

pe[0,a] 

[-e,0]}. Then U is a neighborhood of 5 and V~ DV+ = S. Fix 
zo G S Pi f~ 1 (p). One has to check that 

hm x(z)=x(z )= lun Q X(z)- 
zev+ zev- 

Now, if z — > zq and z G F + , then t+ — > and ij — > — r(p). Therefore 

hm x(^) = hm a® i)(-t z ,x(<p H (t z , z))) 
zev+ zev+ 

= a®i> (-r(p), (0, x(M-t(p), zb)))) 
= a i(>(-t(p), (0, x ° P™ 1 ^))) 
= (0,r°X°P~ 1 (^o)) 

= (o,x° p° p" 1 ^)) 

= (0,x(*o))- 

On the other hand, if z — >■ zq and z G F _ , then t~ — >■ 0. Therefore 

hm x(2)=a®^(Oi(fe(0,zo))=a®#,(0,xU))) = (0,x(*b))- 

Z rZQ 

zev- 

By construction, x is a homeomorphism. It remains to check that it conju- 
gates a <8> "4> and <fin- Fix z G £F a n and t 6 R. Let m G Z and 
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s S [0, t(p)[ such that t = mr(p) + s. Let zq := <j>H(t z ,z) E S. Then 

X°(f>H(t,z) = x°4>h(s -t~,p m (z )) 

= a®^( a -t" (0, (f) m oxW)) 

= a ® -0(s - i~ + mr(p), (0, x(z ))) 

= a®# + mr(p), (a (8) J, x(<l>H(tJ, z)))) 

which concludes the proof. □ 

5.3. The polynomial entropy of a p-model system. This section is de- 
voted to the proof of proposition 15. II in the precise setting we have now at our 
disposal: namely, the p-model system at hand will be that we constructed in 
the previous sections. The main remark is that we will have the possibility to 
choose the minimal period of the p-model by simply reducing the parameter 
a of our partial neighborhood. We first emphasize the following remarks. 

Remark 5.3. 1) For r € ]0, 1], we denote by T(r) the period of the orbit 
T x {r}. By condition (CI) 

rpr \ sr M r ) Mr) 

1 (r) ~ r=0 - T7TT. ~ ~r=0 



C-- 



^ln(p e (r)) lnr 



the last equivalent coming from /ifc(0)' 7^ 0. 

■ k ~P <]() 



2) Let (3 be such that [| - fi, | + 0\ C @k, for any 1 < k < p, and set 



Lp rip 
h 

r k (r,P): 



One has: 



T(r) _ ^ MO) 
~ r -°£j Afc(0)' 

3) Due to the torsion condition, r 1— > T(r) is a strictly decreasing function 
from ]0, 1] to [q* , +00 [, where q* is the period of the motion ip on T x {1}. 

Notation 5.2. For the sake of simplicity, in the whole proof of proposition 
\5.1\ we write <jr instead of (a (g) ip) ■ 

Proof of proposition HOI We denote by a an element (6,r) £ &/. For (p £ T 
and fc G N, we set <p r (k) := <p + ka(r). Therefore 

<^(<£,a) = {ip r {k)^ k {a)). 

We denote by 5 the natural quotient distance on T and by d the product 
metric on T x [0, 1]. We denote by d := 8 X d, the product metric on . 
For k 6 N, we denote by dfc the dynamical distances in T 2 x [0, 1] associated 
with the motion (j> and by d k the distances in T x [0, 1] associated with ip. 
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Remark that for ip in T and a = (9, r),a' = (Q 1 , r') in A C T x [0, 1], one 
has: 

d%{(<p,a),{ip',a')) = max d(<p k ((p,a),(/) k ((p',a)) 

0<fe<iV 

= max max ( 5(p r (k), p' r ,(k)), d(ip k (a),ip k (a f )) 

0<k<N V 

= max ( max (5((p r (k), (pL(k)) , max d(ib k {a),ib k (a')) 

\0<k<N v v w>T-r\ 'J-> Q < k < N 

= max ^max^ (£(yv(fc), (/?',, (&)) ,djsr(a, a')^j (*) 

Let us introduce some notation. 

- Given r G ]0, 1], we set C r := T x {r} C sT. 

- According to remark 15.31 one can label the orbits C r by their period: we 
write C q the orbit with period q for q £ [q*, +oo[. So C r = Ct( t )- We write 
Cqo f° r the boundary T x {0}. 

- Given two periods q' < q < +oo, we denote by S qq < the annulus C srf 
bounded by the curves C q and C q /. 

- When a and b are two points on the same curve C q , we denote by [a, b] 
the set of all points of C q located between a and b, relatively to the direct 
orientation of C q . 

- We denote respectively by <f> and by ip the time-one maps of the flows (4> t )t 
and (?/>*)*• 



1. Proof of hp i(^i) > 2. Recall that for e > 0, a subset A of a compact 
metric space (X,d) is said to be (N,e) -separated relatively to a continuous 
map / : X — > X if , for any a and 6 in A, sup 0<k<N d(f k (a), f k (b)) > e. 
If Str(e) is the maximal cardinal for a (iV, e)-separated set, one has the 
following inequalities 

4(2e) < G f N (e) < S f N (e). 

Therefore, h po i(/) = lim e _>o lim sup n _ ) . QO L °L g n n ^ . Given e > 0, we want to 
find, for N large enough, a (N, e)-separated set (relatively to 0) with cardinal 
> cqN 2 for a constant Co > 0. 

It suffices to find a (TV, e)-separated in T x [0, 1] with cardinal > CqN 2 
relatively to ip. Indeed assume we are given such a set A(N, e) € T x [0, 1] . 
Then by (*), since dAr(a, a') > e, one has d]y((if, a), (y>, a')) > e. 

Fix a vertical segment Ig := {# = #o} C T x [0,1]. For q £ [q* , +oo], we 
set a g := Ig n Cj. We choose #o such that Ooo is not a singular point of V, 
that is aoo j=- (|,0), so V( a oo) ^ a oo and V ,_1 (a 00 ) ^ a oo- 

Remark 5.4. Due to the torsion condition, for each q > 3 the projection on 
Cqo of the interval [^(a g ), ^l^/ 2 ] (a q )] is contained in [^(doo); ^ _1 ( a oo)]- 

Assume the two (redondant) conditions 

e < min (tZCaoo, V'(aoo)),d(a o, ^ _1 (aoo))) (1) 
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and that 

e < min (^(cioo, ip~ 1 (a 00 )),d(ip(a 00 ),ip 2 (a 00 ) S j . (2) 
In the following we assume that q > 3. 

Step 1: If N > q, C q contains an (N,e) -separated set with cardinal [q/2]. 
Fix N > q. For k > we set = t(;~ k (a q ). 

Proof. Then, by (1) and remark [53] and since ip k '~ k (a q ) G [ifj(a q ), ^ q /^ (a q )], 
one has 

d N (a^,a^">) >d(ip k '(a^),ip k '{a^)) = d[^ k ' ~ k {a q ) , a q ) > e, 

forall < k < k' < [q/2]. Therefore, the set {at® \ 1 < k < [q/2]} is 
(N, e)-separated □ 

Step 2 IfN > 18 and (g, g') G [f , f ] 2 wi/i 3 < g - g' < q - 3, #ie pairs of 
points (a, a') £ C q x C q > are (N,e) -separated. 

Proof. Let us introduce the domains: 

I q = [a q ,i)(a q )[ C C q , J q > = [^~ 1 (a q/ ),ip 2 (a q >)[ C C q >. 

Thanks to the torsion condition, by (2), the distance between I q and the 
complement C q i \ J q i is larger than e, for each pair (g, g') in [g*,+oo[. 

Now assume that g and g' are contained in the interval [N/3, N/2] and 
satisfy g — q' > 3. Consider two points a £ C q and a' G C g /. There exists a 
unique integer uq G {0, . . . , q — 1} such that ijj n °(a) G I g . Thus: 

(i) if V n °(a') G C g > \ J q >, then dN(a,a') > d no (a,a') > e. 

(ii) if ^ n °(a') G J g >, observe that ifj q ~ q ' (J q >) n J g / = 0. Indeed, 

^+™o(a') = ^(V no (o')) = {*')), 
with g' > 6 and 3 < g — g' < g — 3 by assumption on N and g, g'. So 
V> 9+no (a') i J q and, by periodicity, tp q+n °{a) G I g . 

Therefore, using (2): d N (a,a!) > d(ip q+n °(a), ip q+n °(a')) > e. □ 

Step 3: If N > 18, Sat/3, iV/2 contains a (N,e) -separated set with cardinal 
> N 2 /108. 

Proof. In the interval [N/3, N/2], there exist at least [iV/18] distinct integers 
(qt) with qj — g^ > 3 if i ^ j. On each curve C qi , one can find an (N,e)- 
separated subset with [gi/2] > [N/6] elements by step 1, and the union of all 
these subsets is still (N, e)-separated by step 2. Therefore the strip limited 
by the curves C7V/3 and Cjvy 2 contains a (N, e)-separated subset A(N,e) 
with more than iV 2 /108 elements. □ 

Conclusion: Fix tp G T. The set {(ip, a) \ a G A(N,e)} is (N, e)-separated 
with cardinal > iV 2 /108. Therefore, for N > 18, 5^(e) > iV 2 /108 and 
h po i(0)>2. 

2. Proof o/h po i((/>) < 2. If / is a continuous map on a compact set X, we 
denote by Dn(s) the smallest number of sets X- t with d^-diameter e whose 
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union covers X. Then, one has 

Dl(2e)<Gf n {e)<D{(e). 

Therefore, h pol (/) = lim e ^ hm sup n _ ) . 00 ^0^-- 

The main idea of the construction will be to take advantage of the explicit 
coverings constructed in |Mar09| for planar p-models and to prove that in 
the product system on &f, the domains involved in this covering are so small 
that they induce a negligible distorsion in the (p variable. So we will be 
able to construct a covering for the present p-model simply by taking the 
product of the domains of the planar p-model with small enough intervals in 
the (/^-direction. 

If A is a subset of s& invariant by cf>, for n > 1, we denote by Dt(A, e) 
the minimal cardinal of a covering of A by subsets with cZjv-diameter e. We 
define in the same way, for A C srf invariant by ip, the number Dn(A,e). 
Given e > 0, we want to get, for N large enough, a majoration of the form 
D^ N (^,e) < c N 2 + Cl N + Q2. To do this, we discriminate between the 
behavior of the dynamics near r = and the behavior of the dynamics 
near r = 1. We split si into two iV-depending sub-annuli &/n and 
and we estimate D'L(£/n,e) and Dn(s^^,e), where s^jss := T x <sz^v and 
^:=Tx st^. Fix e > 0. 

Step 1: Construction of the sub-annuli sdfj and si*. The choice of 
the cutoff is based on the following lemma. 

Lemma 5.9. For k G {1,. . . ,p}, let Bk{e) be the "block" of si limited by the 
vertical segments and A^T of equations 6 = k/p — e/2 and 6 = k/p + e/2 
respectively. There exists a constant K and an integer Nq (both depending on 
e) such that if N > Nq, for each index k G {0, . . . ,p — 1}: 

^(A^(kJV)) C B k {e), Vn€{0,...,JV}, 
where we write AZ(g) for the intersection of the left vertical A^7 of Bk(e) 
with the annulus .Soo.q- 



Proof. With the notation of remark I5J31 (2), we set 

p-i 

k : 



9 V- M0) 
2 max y 



+ 1 



\ A fc (0)_ 

Then, by remark T5.3| there exists ro > such that for r < ro, Tjt(r, e/2) > 
~T(r), that is, 

^ r W(A»(T(r))€S fc (e). 
The lemma is proved with 7V"o := [T(ro)] • □ 

For g G [g*,+oo[, we write r(g) := T -1 (g) G]0, 1]. By remark [5.31 (3). 
there exists N% G N* such that if q > N\, r q < e. 

We choose iV > Max (Nq, N\) and we set: £/ N = Sqq^n, = ^ \ 
£? N :=T xJ/n and 4:=Tx 

We will use twice the following easy remark. 
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Remark 5.5. By remark [531 (1), for q* large enough, there exists c£l such 
that 

r'{q) > e~~ cq . 

Step 2: Covering of stf^ ■ We begin by constructing a covering of s^m- 
For k G {1, . . . ,p- 1} and r £ [0, 1], we write a k {r) : = (| + |,r) = A^nC r . 
We set 

v k := Min{£ G N* | ^(ajfc(0)) G -B fc+ i(e)} and z/ = Max f k . 

k 

By the torsion property, and since T k+ \(r, e/2) — > oo when r — > 0, there 
exists r* such that if r G [0, r*], ip u (a k (r)) G B k+1 (e), for all k G {1, • • • 
We set iV 2 := \ \T(r*)] . Then for N > N 2 , 

(**) r(At(KN))cB k+1 (e). 

We set ^ = Ui<fc<p-E>fc(e). By compactness, there exists a finite covering 
Bi,..., Bi* of \ ^ with c^-diameter < e. Moreover, one can obviously 
assume that each Bi is contained in some connected component of s^m \ SS- 

We claim that, if N > Max (iV , Ni,N 2 ), for any n in {i/, . . . , N}, ^ n (Bi) 
is contained in some B k (e). Indeed, assume that Bi is contained in the zone 
limited by the curves A^(kN) and A^ +1 (kN) (according to the direct orien- 
tation on T). Then the iterate ip n (Bi) is contained in the region limited by 
^ u (A^(kN)) and ip N ' (A^ +1 (kN)) . Both of these boundaries are contained 
in B k+ i(e), the first one by (**) and the second one by lemma [5\9l 

By assumption on N, the d~diameter of B k+ i(e) is e. Therefore, 

diam N(Bi) < e 

where we denote by diam jy the diameter associated with the distance d/v- 

Now, we can assume that e is small enough and N is large enough so that 
the intersection vp(A~^ (kN)) n B k+ i(e) is empty. Consider the regions & k in 

bounded by A^(kN) and V(A+(/tiV)). 
The nonempty intersections % k n Bi form a finite covering Ui, . . . , Ui** of 
the union Ui< k < p W k , with cardinal i** < i*. For 1 < i < i**, one has: 

diam w(Ui) < £. 

Let % be the region bounded by ip~ N (A^ (kN)) and A^(kN) (relatively to 
the direct orientation of T) . By the same arguments as in the beginning, one 
sees that C B k (e). Moreover the inverse images 

B U)t = V~™(^), 1 < n < N, l<i< i*\ 

form a covering of the union "¥ = U^g^p^fc which is contained in B k (e)). By 
construction, each of the B n ^ satisfies diam nB h ^ < e. 

Finally, observe that for each k, the complement B k (e) \ "V satisfies 

r(B k (e)\T)cB k (e) 

for < n < N, and therefore diam ]\[(B k (e) \ Y) < e. Hence, the subsets 

(Bi)i<i<i*, {B n ^i)\< n <N, i<i<i**, (B k (e)\y)i< k < p , 

form a covering ^(N, e) of with subsets of <iAr-diameter < e and 

Card <g(N, e) < i* + Ni** + p. 
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We use (*) to construct a covering of g/jy with d/v-balls of radius e. Fix 
an element B of ^(iV, e). Let a = (9,r),a r = (6',r') be two elements of B 
and let (np,(p') G T 2 , By (*), one has 

d,N((ip,a),((p' , a')) = max I max (5((p r (k),ip' r .,(k)) ,s) . 

\0<k<n J 

Now, for any 1 < k < N, 

6(tp r (k),ip' r ,(k)) < 6(ip,tp') + k\a(r) -a{r')\ < 6(<p,tp') + Nmaxa'(r)\r-r'\. 

By remark 15. 5[ if q* is large enough (which is always possible, reducing if 
necessary the width of the partial neighborhood of the initial polycycle), 
there exists N$ such that for all N > A3, 

N max |c/(r)| \r — r'\ < N max |c/(r)| r(nN) < e/2. 
[0,1] [0,1] 

Therefore, if / is a subset of T with 5-diameter e/2, the product I xB with 
B G ^{N, e) is a subset with d/v- ra dius e as soon as N > max(iVo, N\, N2, N$). 
This yields a cover of with subsets with <i/v-diameter e of cardinal 
< \{%* + Ni** +p). 

Step 3: Covering of ^ . Set k* = [nN/q*] - 1. For 1 < k < k* , we set 

Sfc := Skn k n . Clearly, the family (Si.) covers srftr- Assume we are given a 

k '(fc+i) ' JV 

minimal covering ^^N,e) of S^ with subset of d^v-diameter smaller than e. 
To form a covering of the complete annulus &/, we will see that it is enough 
to take the product of the elements of "^fc(iV, e) with small enough intervals 
in the ip direction. Let us first construct the covering Card^/^A^ e), since 
the form of its elements will play a crucial role. 

Lemma 5.10. Consider an integer m > q* , and fix e > 0. There exists 
positive constants c\ and C2, depending only on e, such that if the pair (q, q') G 
[g*,m] 2 satisfy 

< q' - q < r ^- T , 
[m/q\ 

then the sub-annulus S q}q i satisfies 

Di(S q>q ,,s)<c 2 q. 

Proof. We first construct a covering of a single curve C q , then we fatten it a 
little bit to get a covering of a thin strip S qtq i. We will use condition (C3). 
Recall that J£T is the fundamental domain for the tameness condition. 

Fix q £ [q*,m]. Let A be the Lipschitz constant of ^ on the compact set 
[—1,1] x J^. Let I q be the interval C q n o€ . Consider two points a < a' 
contained in I q . Then by the tameness property the maximum [i of the 
separation function E a ^ a i is achieved for t such that ipt( a ) an d tpt(i') are 
located inside I q . Therefore there exists to G [—1,1] and n G N such that 
t = to + nq. As a consequence, fi < A d(a, a'). 

Hence, for all k G N, dk(a,a') < Xd(a,a'). 

For q > q* we set j* := [ ^™^ g ] + 1 and we cover I g by consecutive 
subintervals J\, . . . , Jj* of d-diameter e/(2A). As I q , ^){I q ), ■ ■ ■ , ip^ (I q ) is a 
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covering of C q , one sees that the intervals Iij = (Jj) , < i < [q],l < j < j q 
form a covering of C q by subsets of dk -diameter < e/2, for each integer k. 
Indeed, if a, a' lie in 1^ C I q , dk(a,a') < Ae/(2A). 

Due to the torsion property, for q < q* , j* > j** . We set c 2 = 2j*„ . Then, 
for each q £ [q*,m[, each orbit C g admits a covering by at most c 2 q subsets 
whose c4 -diameter is smaller than e/2, for any positive integer k. 

Fix now an integer m > q*. Given the initial period q, we want to find 
a period q' < q such that for any pair of points a £ C q and a' G C q > with 
the same abscissa 9, the (maximal) difference of the abscissas of any pair of 
iterates ip n (a) and tp n (a'), n £ {0, . . . , m}, is at most e/2. 

Assume this is done and consider again the covering of C q by the intervals 
Iij. Fix such an interval Iij := [6~,6 + ] and let Rij be the rectangle limited 
by the curves C q and C q i and the vertical lines 6 = 0~ and 9 = 9 + . Fix a lift 
to the universal covering Rx [0,1] and consider the associated the lifted flow 
ipt- For a e and t > 0, we set (x(t),r) = ?/>t(a). We set a~ = (9~,r q ) 
and a + = (9 + ,r q /). By torsion property, one has (with obvious notation): 

x~(t) < xi(t) < x 2 {t) < x + (t), Va 1 ,a 2 eRi j , Vt > 0. 

Therefore, d m (ai, a 2 ) < d m {a~ , a + ) and the rectangles have d m -diameter 
less than e. They form a covering of the strip S qq i with at most c 2 q elements. 

So it remains to choose q' close enough to q. Fix two points a, a' located 
in the same vertical and denote by a and a' two lifts (located in the same 
vertical). As before, we set ip s (d) = (x(s),r), ip s (d') = (x'(s),r') } so r' > r 
since q' < q. Given t > 0, we denote by t! be the time needed for the point 
a 1 to reach the vertical through a(t). So t' is defined by the equality 

x >(t') = x(t). 

We set A(a,t) = t — t' so, by the torsion property, D(a,t) > 0. One easily 
checks that 

k 

A(o, h + t 2 ) = A(a, h) + A(Y> tl (a),t 2 ), A(a, kt) = ^ A(^(a), t). 

£=0 

The first equality shows that t i-> A(a, .) is an increasing funtion. When 
a G Cg, the second equality yields A(a, fcg) = kA(a, q). It is also easy to see 
that 

A(a,q) = q - q', Va G C g . 

Now set £' := max(f, max( 9r ) e ^ Vfc(^,r)), where is £ defined by Condition 

i'<fc<p 

(CI). Then: 

< x'{t) -x(t) < e'D(a,t). 

For a £ C q , one has: 

777 777 

A(a, m) < A(a, ([-] + l)g) = ([-] + - q'). 
Consequently, for < n < m, 

777 

< x'(n) - x(n) < £' A(a, n) < £' A(a, m) < ([— ] + - g 7 ). 
which proves our statement for ci = A- □ 
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We want to apply lemma [5.101 with m = kN and q £ ] re^jn ; ^] f° r 
1 < < A;*. Fix /c and assume that q G ]^pjy, ^]. Then 



Therefore, by lemma 15,101 if </ — q < c\e/k, the strip S q gi satisfies 

D tN0 q , q ',e) <c 2 g<c 2 ^. 

This upper bound is therefore constant on Now the strip is covered 
by the strips (5g i+1 ,<zJo<i<i*(fc) 5 with 



+ z— , i (ft) 



fc + 1 fc ' w Lcie(A; + 1 



AtiV 

+ 1 < c 3 

C\£K 



for C3 > large enough. So we can choose "^.(iV,e) such that 

Card%(iV,e) < £)J(S fc ,e) < c 2 ^i*(k) < c £ ^, c £ = ^! 

Now let us estimate the maximal width Ar of the substrips (5 , gi+ligi )o<i<j*(fc) 
in the r variable. Ther width in the q variable is c\e/k and their are contained 
in the strip whose minimal period is K,N/(k + l). Therefore, according to 
the estimate on r'{q) if q* is assumed to be large enough (which, as observed 
above is always possible): 

Cl£ _rJ*£L q*C\£ ~ n * In 

Ar < — e < — —e~ cq /2 . 
~ k ~ kN 

For q* large enough, this width satisfies 

Ar max |c/(r)| < . 

[o,i] ~ 2N 

Therefore N iterations of two points (if, x) and (<//, x') with x and 2/ in the 
same domain of the covering ^(N, e) produce a distorsion of at most e/2 
in the (^-direction. As a consequence, one gets a covering by subsets of d^- 
diameter less than e by taking the products of the elements of %(iV, e) by 
intervals of uniform length e/2 in the c/j-direction. 
Finally, since the strips Sfc cover one gets 

9 k * 9 00 /v 2 

k=l k=l 

with a £ = fceC(2). 

Conclusion: Gathering steps 2 and 3, one has: 

D%{#f,e) <D%{^,e) + D%{^ N ,e) < a £ N 2 + + Ni** + p), 
for any N > max(iY , N 1: N 2 , N 3 , N 4 , N 5 ). Therefore h pol (0) > 2. □ 
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